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 One can also specify a set by specifying defining properties of the member of 
the set, such as  
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, :    (open interval from  to )

, :    (closed interval from  to )
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a b x a x b a b

a b x a x b a b

a x x a a x x a

a x x a a x x a
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�z�Œ�›�š�G �ˆ�™�Œ�G �–�•�›�Œ�•�G �•�“�“�œ�š�›�™�ˆ�›�Œ�‹�G �•�•�š�œ�ˆ�“�“� �G �‰� �G �}�Œ�•�•�G �‹�•�ˆ�Ž�™�ˆ�”�š�}�Œ�•�•�G �‹�•�ˆ�Ž�™�ˆ�”�š�}�Œ�•�•�G �‹�•�ˆ�Ž�™�ˆ�”�š�}�Œ�•�•�G �‹�•�ˆ�Ž�™�ˆ�”�š�S�G �ž�•�Œ�™�Œ�G �š�Œ�›�š�G �ˆ�™�Œ�G
�™�Œ�—�™�Œ�š�Œ�•�›�Œ�‹�G �ˆ�š�G �Š�•�™�Š�“�Œ�š�G �ˆ�•�‹�G �Œ�“�Œ�”�Œ�•�›�š�G �–�•�G �›�•�Œ�G �š�Œ�›�G �ˆ�™�Œ�G�—�–�•�•�›�š�G �•�•�š�•�‹�Œ�G �›�•�Œ�G �Š�•�™�Š�“�Œ�U�G�G
�m�•�Ž�œ�™�Œ�G�X�G�š�•�–�ž�š�G�ˆ�G�}�Œ�•�•�G�‹�•�ˆ�Ž�™�ˆ�”�G�ž�•�•�Š�•�G�•�“�“�œ�š�›�™�ˆ�›�Œ�šA BÍ �U�G�G�G�G

�G

�G �G
�}�Œ�•�•�G�k�•�ˆ�Ž�™�ˆ�”�G�p�“�“�œ�š�›�™�ˆ�›�•�•�Ž�GA BÍ �G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G

�m�•�Ž�œ�™�Œ�G�X�G
�G

�t�ˆ�™�Ž�•�•�G�u�–�›�Œ�t�ˆ�™�Ž�•�•�G�u�–�›�Œ�t�ˆ�™�Ž�•�•�G�u�–�›�Œ�t�ˆ�™�Ž�•�•�G�u�–�›�Œ�a�G�G�GÌ Ì Ì Ì� � � � � �G

�G
�@�G�G�G�l�˜�œ�ˆ�“�•�›� �G�–�•�G�z�Œ�›�š�a�l�˜�œ�ˆ�“�•�›� �G�–�•�G�z�Œ�›�š�a�l�˜�œ�ˆ�“�•�›� �G�–�•�G�z�Œ�›�š�a�l�˜�œ�ˆ�“�•�›� �G�–�•�G�z�Œ�›�š�a�G�G�G�{�ž�–�G�š�Œ�›�š�G and A B �G�ˆ�™�Œ�G�Œ�˜�œ�ˆ�“�Œ�˜�œ�ˆ�“�Œ�˜�œ�ˆ�“�Œ�˜�œ�ˆ�“�G�•�•�G�›�•�Œ� �G�Š�–�•�š�•�š�›�G�–�•�G�Œ�Ÿ�ˆ�Š�›�“� �G
�›�•�Œ�G�š�ˆ�”�Œ�G�Œ�“�Œ�”�Œ�•�›�š�U�G�G�p�•�G�–�›�•�Œ�™�G�ž�–�™�‹�š�G�G
�G

�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G( ) ( )  and   A B x A x B x B x A= Û Î � Î Î � Î �G

�G
�z�›�ˆ�›�Œ�‹�G�ˆ�•�–�›�•�Œ�™�G�ž�ˆ� �a   and A B A B B A= Û Í Í �U�G�G�G�G�G�G
�G
�@�G�G�G�j�–�”�—�“�Œ�”�Œ�•�j�–�”�—�“�Œ�”�Œ�•�j�–�”�—�“�Œ�”�Œ�•�j�–�”�—�“�Œ�”�Œ�•�›�G�–�•�G�ˆ�G�z�Œ�›�›�G�–�•�G�ˆ�G�z�Œ�›�›�G�–�•�G�ˆ�G�z�Œ�›�›�G�–�•�G�ˆ�G�z�Œ�›�a�a�a�a�G�G�p�•�G�ˆ�G�š�Œ�›�GA �G�‰�Œ�“�–�•�Ž�š�G�›�–�G�ˆ�G�œ�•�•�•�Œ�™�š�Œ�GU �S�G�›�•�Œ�G�Š�–�”�—�“�Œ�”�Œ�•�›�Š�–�”�—�“�Œ�”�Œ�•�›�Š�–�”�—�“�Œ�”�Œ�•�›�Š�–�”�—�“�Œ�”�Œ�•�›�G
�–�•A �S�G�ž�™�•�›�›�Œ�•�GA� �G�Š�–�•�š�•�š�›�š�G�–�•�G�ˆ�“�“�G�”�Œ�”�‰�Œ�™�š�G�–�•�GU �G�›�•�ˆ�›�G�ˆ�™�Œ�G�•�–�›�G�•�•�GA �U�G�G�{�•�ˆ�›�G�•�š�G
�G

�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G{ }:A x U x A= Î Ï� �G

�G
�@�G�G�G�l�”�—�›� �G�z�Œ�›�l�”�—�›� �G�z�Œ�›�l�”�—�›� �G�z�Œ�›�l�”�—�›� �G�z�Œ�›�a�G�G�G�G�G�~�•�Œ�•�G�”�–�š�›�G�—�Œ�–�—�“�Œ�G�›�•�•�•�’�G�–�•�G�š�Œ�›�š�G�›�•�Œ� �G�Ž�Œ�•�Œ�™�ˆ�“�“� �G�›�•�•�•�’�G�–�•�G�š�Œ�›�š�G
�Š�–�•�›�ˆ�•�•�•�•�Ž�G �š�Œ�•�Œ�™�ˆ�“�G �Œ�“�Œ�”�Œ�•�›�š�S�G �ˆ�›�G �“�Œ�ˆ�š�›�G �›�ž�–�G �Ž�Œ�•�Œ�™�ˆ�“�“� �U�G �G �i�œ�›�G �•�•�G �”�ˆ�›�•�Œ�”�ˆ�›�•�Š�š�G �ž�Œ�G
�–�•�›�Œ�•�G�š�›�œ�‹� �G�š�Œ�›�š�G�›�•�ˆ�›�G�Š�–�•�›�ˆ�•�•�G�ˆ�G�š�•�•�Ž�“�Œ�G�Œ�“�Œ�”�Œ�•�›�S�G�ˆ�•�‹�G�š�–�”�Œ�›�•�”�Œ�š�G�•�–�•�Œ�H�G�G�{�•�Œ�G�š�Œ�›�G
�ž�•�›�•�G �•�–�G �Œ�“�Œ�”�Œ�•�›�š�G �•�š�G �Š�ˆ�“�“�Œ�‹�G �›�•�Œ�G �Œ�”�—�›� �G �š�Œ�›�Œ�”�—�›� �G �š�Œ�›�Œ�”�—�›� �G �š�Œ�›�Œ�”�—�›� �G �š�Œ�›�X�X�X�X�G �O�–�™�G �•�œ�“�“�G�•�œ�“�“�G�•�œ�“�“�G�•�œ�“�“�G �š�Œ�›�P�G �ˆ�•�‹�G �‹�Œ�•�–�›�Œ�‹�G �‰� �G �›�•�Œ�G

�n�™�Œ�Œ�’�G�“�Œ�›�›�Œ�™�GÆ�G�G�–�™�G�š�–�”�Œ�›�•�”�Œ�š�G�›�•�Œ�G�Œ�”�—�›� �G�‰�™�ˆ�Š�’�Œ�›�G{ } �U�G�G�z�–�G�ž�•� �G�–�œ�™�G�•�•�›�Œ�™�Œ�š�›�G�•�•�G

�›�•�Œ�G �Œ�”�—�›� �G �š�Œ�›�f�G �G �~�Œ�“�“�S�G �š�Œ�›�š�G �ˆ�™�Œ�G �Ž�Œ�•�Œ�™�ˆ�“�“� �G �‹�Œ�›�Œ�™�”�•�•�Œ�‹�G�‰� �G �ˆ�G �š�—�Œ�Š�•�•�•�Š�G �—�™�–�—�Œ�™�›� �S�G
�ˆ�•�‹�G�•�›�G�•�š�G�•�–�›�G�ˆ�“�ž�ˆ� �š�G�Š�“�Œ�ˆ�™�G�•�•�G�›�•�Œ�™�Œ�G�ˆ�™�Œ�G�Œ�“�Œ�”�Œ�•�›�š�G�›�•�ˆ�›�G�š�ˆ�›�•�š�•� �G�›�•�Œ�G�—�™�–�—�Œ�™�›� �U�G�G�m�–�™�G

                                                 
1 If you object to the importance of a set with no elements, you are like the persons who objected to the 
number 0, since it stands for nothing.  The number 0 was resisted for centuries as a legitimate number. 
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�Œ�Ÿ�ˆ�”�—�“�Œ�S�G �Š�–�•�š�•�‹�Œ�™�G �›�•�Œ�G �š�Œ�›�G �Š�–�•�š�•�š�›�•�•�Ž�G �–�•�G �›�•�Œ�G �™�Œ�ˆ�“�G �•�œ�”�‰�Œ�™�š�G �›�•�ˆ�›�G �š�ˆ�›�•�š�•� �G �›�•�Œ�G
�Œ�˜�œ�ˆ�›�•�–�•�G

�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G6 4 26 11 6 0x x x+ + + = �G
�G
�p�•�G � �–�œ�G �‹�–�•�Å�›�G �’�•�–�ž�G �ˆ�“�Ž�Œ�‰�™�ˆ�S�G �›�•�Œ�™�Œ�G �‹�–�Œ�š�•�Å�›�G �š�Œ�Œ�”�G �ˆ�•� �›�•�•�•�Ž�G �ž�™�–�•�Ž�G �ž�•�›�•�G �›�•�•�š�G
�š�›�ˆ�›�Œ�”�Œ�•�›�b�G�•�–�ž�Œ�•�Œ�™�S�G�•�•�G� �–�œ�G�‹�–�G�’�•�–�ž�G�ˆ�“�Ž�Œ�‰�™�ˆ�G�ˆ�•�‹�G�™�Œ�ž�™�•�›�Œ�G�›�•�Œ�G�Œ�˜�œ�ˆ�›�•�–�•�G�ˆ�š�G�G
�G

( )( )( )2 2 21 2 3 0x x x+ + + = �G

�G
� �–�œ�G�™�Œ�ˆ�“�•�¡�Œ�G�›�•�ˆ�›�G�›�•�Œ�G�š�Œ�›�G�•�š�G�Œ�”�—�›� �Y�U�G
�G

�u�–�›�Œ�G�›�•�ˆ�›�G�ž�Œ�G�’�Œ�Œ�—�G�š�ˆ� �•�•�Ž�G�È�›�•�Œ�É�G�Œ�”�—�›� �G�š�Œ�›�G�™�ˆ�›�•�Œ�™�G�›�•�ˆ�•�G�È�ˆ�•�É�G�Œ�”�—�›� �G�š�Œ�›�U�G�G
�{�•�Œ�G�™�Œ�ˆ�š�–�•�G�•�–�™�G�›�•�•�š�G�“�ˆ�•�Ž�œ�ˆ�Ž�Œ�G�•�š�G�‰�Œ�Š�ˆ�œ�š�Œ�G�›�ž�–�G�š�Œ�›�š�G�ˆ�™�Œ�G�Œ�˜�œ�ˆ�“�G�•�•�G�›�•�Œ� �G�Š�–�•�›�ˆ�•�•�G�›�•�Œ�G
�š�ˆ�”�Œ�G �Œ�“�Œ�”�Œ�•�›�š�S�G �ˆ�•�‹�G �š�•�•�Š�Œ�G �›�•�Œ�G �Œ�”�—�›� �G �š�Œ�›�G �Š�–�•�›�ˆ�•�•�š�G �•�–�G�Œ�“�Œ�”�Œ�•�›�š�S�G �›�•�Œ�™�Œ�G �•�š�G �–�•�“� �G
�–�•�Œ�G�Œ�”�—�›� �G�š�Œ�›�U�G�G�G�q�œ�š�›�G�™�Œ�”�Œ�”�‰�Œ�™�S�G�›�•�Œ�G�Œ�”�—�›� �G�š�Œ�›�G�•�š�G�•�–�›�G�•�–�›�•�•�•�Ž�S�G�•�›�G�•�š�G�š�–�”�Œ�›�•�•�•�Ž�S�G
�•�›�G�•�š�G�‘�œ�š�›�G�›�•�ˆ�›�G�•�›�G�Š�–�•�›�ˆ�•�•�š�G�•�–�›�•�•�•�Ž�U�G�G�€�–�œ�G�”�•�Ž�•�›�G�›�•�•�•�’�G�–�•�G�›�•�Œ�G�Œ�”�—�›� �G�š�Œ�›�G�ˆ�š�G�ˆ�G�‰�ˆ�Ž�G

�›�•�ˆ�›�G�•�ˆ�š�G�•�–�›�•�•�•�Ž�G�•�•�G�•�›�U�G�G�p�•�G�›�•�•�š�G�™�Œ�Ž�ˆ�™�‹�S�G�•�›�G�•�š�G�‰�Œ�š�›�G�›�–�G�‹�Œ�•�–�›�Œ�G�›�•�Œ�G�Œ�”�—�›� �G�š�Œ�›�G�‰� �G{ } �G

�™�ˆ�›�•�Œ�™�G�›�•�ˆ�•�GÆ�U�G�G�~�•�›�•�G�›�•�•�š�G�•�•�›�Œ�™�—�™�Œ�›�ˆ�›�•�–�•�S�G�•�›�G�•�š�G�Š�“�Œ�ˆ�™�G�›�•�ˆ�›�G�G
�G

{ }
{ }
{ }{ }
{ }{ }{ }

 is empty.

 is not empty, it contains something, the empty set.

 is not empty, it contains the set that contains the empty set.

 is not empty, it contains the set that contains the set that

contains 

Æ =

Æ

Æ

Æ

the empty set.   And so on. 

�G

�G
�m�–�™�G�Œ�Ÿ�ˆ�”�—�“�Œ�G
�G

�G�G�G�G�G�G�G�G�G�G�G{ } { }2all people over 500 years old : 1 0x x= Î + =� �G

�G
 versus Î Í �a�G�G�~�•�Œ�•�G� �–�œ�G�ˆ�š�’�G�•�•�Ga AÎ �G� �–�œ�G�ˆ�š�’�G�›�•�Œ�G�˜�œ�Œ�š�›�•�–�•�G�•�š�G" "a �G�ˆ�G�”�Œ�”�‰�Œ�™�G�–�•�G

A �b�G�ž�•�Œ�•�G� �–�œ�G�ˆ�š�’�G�•�•�GB AÍ �G� �–�œ�G�ˆ�š�’�G�•�š�G�Œ�•�Œ�™� �G�”�Œ�”�‰�Œ�™�G�–�•�GB �G�ˆ�G�”�Œ�”�‰�Œ�™�G�–�•�GA �U�G�G�m�–�™�G

�Œ�Ÿ�ˆ�”�—�“�Œ�G{ }{ } { }{ } { }{ } { }{ }, ,  but , ,a a a a a a a aÏ Í �U�G

�G
�G

                                                 
2 Many problems in mathematics ask the existence of certain numbers or classes of numbers.  The most 
famous unsolved problem in mathematics, Fermat’s Last Theorem, asked the question whether the set of 

integers { }, ,x y z satisfying n n nx y z+ =  for integers 2n > was empty.  The set is empty, which was 

proven in 1993 by the English mathematician, Andrew Wiles.  



Section 2.1                                                                                     Basic Notions of Sets 5 

�@�G�G�G�w�–�ž�Œ�™�G�w�–�ž�Œ�™�G�w�–�ž�Œ�™�G�w�–�ž�Œ�™�G�z�Œ�›�z�Œ�›�z�Œ�›�z�Œ�›�a�G�G�G�m�–�™�G�Œ�•�Œ�™� �G�š�Œ�›�G�h�S�G�›�•�Œ�G�Š�–�“�“�Œ�Š�›�•�–�•�G�–�•�G�ˆ�“�“�G�š�œ�‰�š�Œ�›�š�G�–�•�GA �G�•�š�G�Š�ˆ�“�“�Œ�‹�G

�›�•�Œ�G �—�–�ž�Œ�™�G�š�Œ�›�—�–�ž�Œ�™�G�š�Œ�›�—�–�ž�Œ�™�G�š�Œ�›�—�–�ž�Œ�™�G�š�Œ�›�G �–�•�GA �G �ˆ�•�‹�G �‹�Œ�•�–�›�Œ�‹�G �‰� ( )P A �U�G �G �z�œ�—�—�–�š�Œ�G �•�–�™�G �Œ�Ÿ�ˆ�”�—�“�Œ�G �ž�Œ�G �•�ˆ�•�Œ�G �ˆ�G

�š�”�ˆ�“�“�G �œ�•�•�•�Œ�™�š�Œ�GU �G �Š�–�•�š�•�š�›�•�•�Ž�G �–�•�G �›�•�™�Œ�Œ�G �Œ�“�Œ�”�Œ�•�›�š�G{ }, ,U a b c= �U�G �G �~�Œ�G �Š�ˆ�•�G �™�Œ�ˆ�‹�•�“� �G

�š�Œ�Œ�G �›�•�ˆ�›�G �›�•�Œ�™�Œ�G �ˆ�™�Œ�G �_�G �š�œ�‰�š�Œ�›�š�G �–�•�GU �G �ž�•�•�Š�•�G �–�Š�Š�œ�™�G �•�•�G �Š�–�”�—�“�Œ�”�Œ�•�›�ˆ�™� �G �—�ˆ�•�™�š�G �ˆ�š�G
�•�–�“�“�–�ž�š�U�G

�G
�z�Œ�›�G �j�–�”�—�“�Œ�”�Œ�•�›�G

Æ�G { }, ,a b c �G

{ }a �G { },b c �G

{ }b �G { },a c �G

{ }c �G { },a b �G

�G�G�G�G�G�G�G�G�G�G�G�l�•�Ž�•�›�G�š�œ�‰�š�Œ�›�š�G�–�•�G{ }, ,a b c �G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G

�{�ˆ�‰�“�Œ�G�X�G
�G�G�G�G 
 

Rigor in Mathematics    In the study of mathematics, there should always be a 
sufficient degree of rigor, which means that equations and mathematical concepts 
should be logically precise.  However, it is more important to understand basic 
principles and built up an intuition about the ideas.  The great Swiss mathematician 
Leonard Euler had an uncanny intuition about concepts and although he often did not 
verify his thoughts, not one serious mathematician would ever say he wasn’t one of the 
greatest mathematicians who ever lived.  

�G�G�G�G�G�G�G�G
�h�G�•�Œ�ž�G�—�–�ž�Œ�™�G�š�Œ�›�š�G�–�•�G�š�–�”�Œ�G�–�›�•�Œ�™�G�š�Œ�›�š�G�ˆ�™�Œ�G�Ž�•�•�Œ�•�G�•�•�G�m�•�Ž�œ�™�Œ�G�Y�U�G

�G
�z�Œ�›�G �w�–�ž�Œ�™�G�z�Œ�›�G�G

Æ�G { }Æ �G

{ }a �G { }{ }, aÆ �G

{ },a b �G { } { } { }{ }, , , ,a b a bÆ �G

{ }{ },a b �G { } { }{ } { }{ }{ }, , , ,a b a bÆ �G

�G�G�G�G�G�G�G�G�G�G�G�w�–�ž�Œ�™�G�z�Œ�›�š�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G
�{�ˆ�‰�“�Œ�G�Y�G

�G�G�G�G
�{�•�Œ�–�™�Œ�”�G�X�{�•�Œ�–�™�Œ�”�G�X�{�•�Œ�–�™�Œ�”�G�X�{�•�Œ�–�™�Œ�”�G�X�G�G�G�G�G�G�G�G�G�G�O�O�O�O�n�œ�ˆ�™�ˆ�•�›�Œ�Œ�‹�G�n�œ�ˆ�™�ˆ�•�›�Œ�Œ�‹�G�n�œ�ˆ�™�ˆ�•�›�Œ�Œ�‹�G�n�œ�ˆ�™�ˆ�•�›�Œ�Œ�‹�G�z�œ�‰�š�Œ�›�P�G�z�œ�‰�š�Œ�›�P�G�z�œ�‰�š�Œ�›�P�G�z�œ�‰�š�Œ�›�P�G�G�G�G�G�G�G�G�G�m�–�™�G�ˆ�•� �G�š�Œ�›�G�h�S�G�ž�Œ�G�•�ˆ�•�Œ�G.AÆ Í �G
�G
�w�™�–�–�•�w�™�–�–�•�w�™�–�–�•�w�™�–�–�•�G �G �G �G�z�•�•�Š�Œ�G�›�•�Œ�G�Ž�–�ˆ�“�G �•�š�G �›�–�G �š�•�–�ž�Gx x AÎÆ � Î �G �–�œ�™�G �‘�–�‰�G �•�š�G �‹�–�•�Œ�G �‰�Œ�•�–�™�Œ�G �ž�Œ�G
�‰�Œ�Ž�•�•�G �•�•�ˆ�š�”�œ�Š�•�G �ˆ�š�G �›�•�Œ�G �•� �—�–�›�•�Œ�š�•�šxÎÆ �G �–�•�G �›�•�Œ�G �•�”�—�“�•�Š�ˆ�›�•�–�•�G �•�š�G �•�ˆ�“�š�Œ�G �š�•�•�Š�Œ�GÆ�G
�Š�–�•�›�ˆ�•�•�š�G�•�–�G�Œ�“�Œ�”�Œ�•�›�š�U�G�G�o�Œ�•�Š�Œ�S�G�›�•�Œ�G�—�™�–�—�–�š�•�›�•�–�•�G�•�š�G�›�™�œ�Œ�G�™�Œ�Ž�ˆ�™�‹�“�Œ�š�š�G�–�•�G�›�•�Œ�G�š�Œ�›�G�h�U�G�G�G
�p�•�G�–�›�•�Œ�™�G�ž�–�™�‹�š�GÆ�G�•�š�G�ˆ�G�š�œ�‰�š�Œ�›�G�–�•�G�ˆ�•� �G�š�Œ�›�U�G�G�O�~�•�•�Š�•�G�‹�–�Œ�š�•�Å�›�G�”�Œ�ˆ�•�G�•�›�G�•�š�G�ˆ�G�”�Œ�”�‰�Œ�™�G
�–�•�G�ˆ�•� �G�š�Œ�›�U�P�G�G
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�{�•�Œ�–�™�Œ�”�G�{�•�Œ�–�™�Œ�”�G�{�•�Œ�–�™�Œ�”�G�{�•�Œ�–�™�Œ�”�G�Y�Y�Y�Y�G�G�G�G�G�G�G�G�G�O�{�™�ˆ�•�š�•�›�•�•�Œ�G�z�œ�‰�š�Œ�›�š�P�G�G�O�{�™�ˆ�•�š�•�›�•�•�Œ�G�z�œ�‰�š�Œ�›�š�P�G�G�O�{�™�ˆ�•�š�•�›�•�•�Œ�G�z�œ�‰�š�Œ�›�š�P�G�G�O�{�™�ˆ�•�š�•�›�•�•�Œ�G�z�œ�‰�š�Œ�›�š�P�G�G�G�G�G�G�G�G�G�s�Œ�›�G�h�S �i �G�ˆ�•�‹�G�j �G�G�‰�Œ�G�š�Œ�›�š�U�G�G�~�Œ�G�•�ˆ�•�Œ�G
�G

�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G( ) ( )     A B B C A CÍ Ù Í � Í �U�U�U�U�G�G

�G�G�G�G�G
�w�™�–�–�•�a�G �G�w�™�–�–�•�a�G �G�w�™�–�–�•�a�G �G�w�™�–�–�•�a�G �G�~�Œ�G �ž�•�“�“�G �—�™�–�•�Œ�G �›�•�Œ�G�Š�–�•�Š�“�œ�š�•�–�•A CÍ �G �ˆ�•�‹�G �œ�š�Œ�G �›�•�Œ�G �•� �—�–�›�•�Œ�š�•�š�G �ˆ�š�G

�•�Œ�Œ�‹�Œ�‹�U�G�G�s�Œ�›�›�•�•�Žx AÎ �G �›�•�Œ�G�Ž�–�ˆ�“�G �•�š�G �›�–�G �š�•�–�ž�Gx CÎ �U�G �G�z�•�•�Š�Œ�Gx AÎ �G �ˆ�•�‹�G �œ�š�•�•�Ž�G �›�•�Œ�G
�ˆ�š�š�œ�”�—�›�•�–�•�GA BÍ �S�G�ž�Œ�G�’�•�–�ž�Gx BÎ �U�G�G�i�œ�›�G�›�•�Œ�G�•� �—�–�›�•�Œ�š�•�š�G�ˆ�“�š�–�G�š�ˆ� �š�GB CÍ �G�ˆ�•�‹�G
�š�–�G�ž�Œ�G�’�•�–�ž�Gx CÎ �U�G�G�o�Œ�•�Š�Œ�S�G�ž�Œ�G�•�ˆ�•�Œ�G�—�™�–�•�Œ�‹�GA CÍ �S�G�ž�•�•�Š�•�G�—�™�–�•�Œ�š�G�›�•�Œ�G�›�•�Œ�–�™�Œ�”�U�G�G�G
�~�Œ�G�•�“�“�œ�š�›�™�ˆ�›�Œ�G�›�•�•�š�G�›�•�Œ�–�™�Œ�”�G�ž�•�›�•�G�ˆ�G�}�Œ�•�•�G�‹�•�ˆ�Ž�™�ˆ�”�G�š�•�–�ž�•�G�•�•�G�m�•�Ž�œ�™�Œ�G�Y�U�G

�G

�G�G�G�G
�}�Œ�•�•�G�k�•�ˆ�Ž�™�ˆ�”�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G

�m�•�Ž�œ�™�Œ�G�X�G
�G�G�G�G
�l�Ÿ�ˆ�”�—�“�Œ�G�Y�G�G�w�–�ž�Œ�™�G�z�Œ�›�G�l�Ÿ�ˆ�”�—�“�Œ�G�Y�G�G�w�–�ž�Œ�™�G�z�Œ�›�G�l�Ÿ�ˆ�”�—�“�Œ�G�Y�G�G�w�–�ž�Œ�™�G�z�Œ�›�G�l�Ÿ�ˆ�”�—�“�Œ�G�Y�G�G�w�–�ž�Œ�™�G�z�Œ�›�G( )P A �G�G�G�G

�G �i�Œ�“�–�ž�G�ˆ�™�Œ�G�“�•�š�›�Œ�‹�G�›� �—�•�Š�ˆ�“�G�—�–�ž�Œ�™�G�š�Œ�›�š�U�G�G
�G

�z�Œ�›�z�Œ�›�z�Œ�›�z�Œ�›�G�G�G�G �w�–�ž�Œ�™�G�š�Œ�›�w�–�ž�Œ�™�G�š�Œ�›�w�–�ž�Œ�™�G�š�Œ�›�w�–�ž�Œ�™�G�š�Œ�›�G�G�G�G

A = Æ�G ( ) { }P A = Æ �G

{ }A a= �G ( ) { }{ },P A a= Æ �G

{ },A a b= �G ( ) { } { } { }{ }, , , ,P A a b a b= Æ �G

{ }, ,A a b c= �G ( ) { } { } { } { } { } { } { }{ }, , , , , , , , , , , ,P A a b c a b a c b c a b c= Æ �G�G

  
 
�s�ˆ�›�Œ�™�S�G �ž�Œ�G �ž�•�“�“�G �—�™�–�•�Œ�G �›�•�ˆ�›�G �•�–�™�G �ˆ�G �š�Œ�›�G �–�•�G�•�G �Œ�“�Œ�”�Œ�•�›�š�G �›�•�Œ�G �—�–�ž�Œ�™�G �š�Œ�›�G �Š�–�•�›�ˆ�•�•�š�G

2n �Œ�“�Œ�”�Œ�•�›�š�S�G�ž�•�–�š�Œ�G�—�™�–�–�•�G�“�–�–�’�š�G�“�•�’�Œ�G�ˆ�G�Š�ˆ�•�‹�•�‹�ˆ�›�Œ�G�•�–�™�G�•�•�‹�œ�Š�›�•�–�•�Z�U�G
�G

�t�ˆ�™�Ž�•�•�G�u�–�›�Œ�a�t�ˆ�™�Ž�•�•�G�u�–�›�Œ�a�t�ˆ�™�Ž�•�•�G�u�–�›�Œ�a�t�ˆ�™�Ž�•�•�G�u�–�›�Œ�a�G�G�z�–�”�Œ�›�•�”�Œ�š�G�›�•�Œ�G�—�–�ž�Œ�™�G�š�Œ�›�G�–�•�G�ˆ�G�š�Œ�›�GA �G�•�š�G�‹�Œ�•�–�›�Œ�‹�G�‰� �G2A �G�š�•�•�Š�Œ�G�•�•�G�ˆ�G

�š�Œ�›�G�Š�–�•�›�ˆ�•�•�š�Ga �G�Œ�“�Œ�”�Œ�•�›�š�S�G�›�•�Œ�G�—�–�ž�Œ�™�G�š�Œ�›�G�•�ˆ�š�G2a �Œ�“�Œ�”�Œ�•�›�š�U�G
�G

                                                 
3 Things get a lot more interesting when we consider the family of all subsets of an infinite set like the 
natural numbers.  It turns out that …  well, we don’t want to ruin the fun for you.    
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�t�ˆ�™�Ž�•�•�G�u�–�›�Œ�a�t�ˆ�™�Ž�•�•�G�u�–�›�Œ�a�t�ˆ�™�Ž�•�•�G�u�–�›�Œ�a�t�ˆ�™�Ž�•�•�G�u�–�›�Œ�a�G�G�v�•�Œ�G�™�Œ�ˆ�š�–�•�G�›�•�Œ�G�Š�–�•�Š�Œ�—�›�G�–�•�G�ˆ�G�š�Œ�›�G�•�š�G�š�–�G�—�–�ž�Œ�™�•�œ�“�G�•�š�G�›�•�Œ�G�•�ˆ�Š�›�G�›�•�ˆ�›�G
�›�•�Œ�G �Œ�“�Œ�”�Œ�•�›�š�G �Š�ˆ�•�G �‰�Œ�G �ˆ�•� �›�•�•�•�Ž�S�G �Œ�•�Œ�•�G �š�Œ�›�š�G �›�•�Œ�”�š�Œ�“�•�Œ�š�U�G �G �p�•�G �ˆ�•�ˆ�“� �š�•�š�G �›�•�Œ� �G
�•�–�™�”�ˆ�“�“� �G�Š�–�•�š�•�š�›�G�–�•�G�š�Œ�›�š�G�–�•�G�•�œ�”�‰�Œ�™�š�S�G�“�•�’�Œ�G�›�•�Œ�G�•�•�›�Œ�Ž�Œ�™�š�S�G�™�Œ�ˆ�“�G�•�œ�”�‰�Œ�™�S�G�•�•�›�Œ�™�•�ˆ�“�š�G
�–�•�G �›�•�Œ�G �™�Œ�ˆ�“�G �“�•�•�Œ�S�G �ˆ�•�‹�G �š�–�G �–�•�U�G �G �p�•�G �Ž�Œ�–�”�Œ�›�™� �G �›�•�Œ� �G �ˆ�™�Œ�G�Ž�Œ�–�”�Œ�›�™�•�Š�G �–�‰�‘�Œ�Š�›�š�S�G �•�•�G
�—�™�–�‰�ˆ�‰�•�“�•�›� �G �›�•�Œ� �G �ˆ�™�Œ�G �š�ˆ�”�—�“�Œ�G �š�—�ˆ�Š�Œ�š�G �ˆ�•�‹�G �Œ�•�Œ�•�›�š�S�G �ˆ�•�‹�G�š�–�G �–�•�U�G �G �p�•�G �›�–�—�–�“�–�Ž� �S�G �–�•�Œ�G
�š�›�œ�‹�•�Œ�š�G�Š�Œ�™�›�ˆ�•�•�G�•�ˆ�”�•�“�•�Œ�š�G�–�•�G�š�œ�‰�š�Œ�›�š�G�–�•�G�ˆ�G�Ž�•�•�Œ�•�G�š�Œ�›�S�G�Š�ˆ�“�“�Œ�‹�G�›�•�Œ�G�–�—�Œ�•�G�š�Œ�›�š�G�–�•�G�›�•�Œ�G
�š�Œ�›�U�G�G�G

�G

�t�ˆ�™�Ž�•�•�G�u�–�›�Œ�a�G�G{ } { } { } { }5 5 , , , , ,a b a b¹ Ï ÆÏÆ Æ ¹ Æ �G�G�G

�G
�G 

�l�Ÿ�ˆ�”�—�“�Œ�G�l�Ÿ�ˆ�”�—�“�Œ�G�l�Ÿ�ˆ�”�—�“�Œ�G�l�Ÿ�ˆ�”�—�“�Œ�G�Z�Z�Z�Z�G�G�G�G�G
�G
�G�G�G�G�G�k�–�G� �–�œ�G�œ�•�‹�Œ�™�š�›�ˆ�•�‹�G�ž�•� �G�ˆ�“�“�G�›�•�Œ�š�Œ�G�ˆ�™�Œ�G�Š�–�™�™�Œ�Š�›�f�G
 

                         

{ }

{ } { }
{ } { }
{ } { }

2

2 3

a) : 1     

b) 3

c) 1

d)

e)

f) 3.5

g) 3 2

h) : 1 0 : 1 0

i) 1,3,7, 1,  1, ,7,1,3  

j) 1,3,7  1, ,7,1,3

x x

e

i

x x x x

p

p p

p

Æ Í Î = -

Î

- Ï

Ï

Î

Î

+ Ï

- = Ë - =

- Í -

Ì -

�

�

�

�

�

�

�

 

 
�p�•�G�GA BÍ �G�›�•�Œ�•�G�Œ�•�Œ�™� �G�”�Œ�”�‰�Œ�™�G�–�•�GA �G�•�š�G�ˆ�“�š�–�G�ˆ�G�”�Œ�”�‰�Œ�™�G�–�•�GB �S�G�‰�œ�›�GA BÎ �G

�”�Œ�ˆ�•�š�GA �G �•�š�G �ˆ�G �”�Œ�”�‰�Œ�™�G�–�•�G �›�•�Œ�G�š�Œ�›�GB �S�G �™�Œ�Ž�ˆ�™�‹�“�Œ�š�š�G �–�•�G �ž�•�Œ�›�•�Œ�™�GA �G �•�š�G �ˆ�G �š�Œ�›�G �–�•�G �ˆ�G
�š�•�•�Ž�“�Œ�G �Œ�“�Œ�”�Œ�•�›�U�G �U�G�{�•�Œ�G�•�–�“�“�–�ž�•�•�Ž�G �Œ�Ÿ�ˆ�”�—�“�Œ�G �›�Œ�š�›�š�G � �–�œ�™�G �œ�•�‹�Œ�™�š�›�ˆ�•�‹�•�•�Ž�G �–�•�G �š�œ�‰�š�Œ�›�š�G
�ˆ�•�‹�G�”�Œ�”�‰�Œ�™�š�•�•�—�G�–�•�G�š�Œ�›�š�U�G�G�G�G�G

 
�l�Ÿ�ˆ�”�—�“�Œ�G�[�G�G�O�k�•�•�•�Œ�™�Œ�•�Š�Œ�G�i�Œ�›�ž�Œ�Œ�•�G�z�œ�‰�š�Œ�l�Ÿ�ˆ�”�—�“�Œ�G�[�G�G�O�k�•�•�•�Œ�™�Œ�•�Š�Œ�G�i�Œ�›�ž�Œ�Œ�•�G�z�œ�‰�š�Œ�l�Ÿ�ˆ�”�—�“�Œ�G�[�G�G�O�k�•�•�•�Œ�™�Œ�•�Š�Œ�G�i�Œ�›�ž�Œ�Œ�•�G�z�œ�‰�š�Œ�l�Ÿ�ˆ�”�—�“�Œ�G�[�G�G�O�k�•�•�•�Œ�™�Œ�•�Š�Œ�G�i�Œ�›�ž�Œ�Œ�•�G�z�œ�‰�š�Œ�›�š�G�ˆ�•�‹�G�t�Œ�”�‰�Œ�™�š�•�•�—�P�›�š�G�ˆ�•�‹�G�t�Œ�”�‰�Œ�™�š�•�•�—�P�›�š�G�ˆ�•�‹�G�t�Œ�”�‰�Œ�™�š�•�•�—�P�›�š�G�ˆ�•�‹�G�t�Œ�”�‰�Œ�™�š�•�•�—�P�G�G�G�G
�G�G�G�G
�G�G�G�G �y�Œ�”�Œ�”�‰�Œ�™�G�›�•�Œ�G�‹�•�•�•�Œ�™�Œ�•�Š�Œ�G�‰�Œ�›�ž�Œ�Œ�•�G�”�Œ�”�‰�Œ�™�š�•�•�—�G�•�•�G�ˆ�G�š�Œ�›�G�ˆ�•�‹�G�ˆ�G�š�œ�‰�š�Œ�›�G�–�•�G�ˆ�G
�š�Œ�›�U�G�G�h�•�G�Œ�“�Œ�”�Œ�•�›�Gx �G�•�š�G�ˆ�G�”�Œ�”�‰�Œ�™�G�–�•�G�ˆ�G�š�Œ�›�G�•�•�G�•�›�G�‰�Œ�“�–�•�Ž�š�G�›�–�G�›�•�Œ�G�š�Œ�›�U�G�G�h�G�š�Œ�›�G�•�š�G�ˆ�G
�š�œ�‰�š�Œ�›�G �•�•�G �Œ�•�Œ�™� �›�•�•�•�Ž�G�•�•�G �›�•�Œ�G�š�Œ�›�G �‰�Œ�“�–�•�Ž�š�G �›�–�G �›�•�Œ�G�š�Œ�›�U�G�G�G�{�•�–�š�Œ�G�ˆ�™�Œ�G�›�ž�–�G �‹�•�•�•�Œ�™�Œ�•�›�G
�˜�œ�Œ�š�›�•�–�•�š�U�G�G
�G

�ˆ�P�G { }{ },ÆÎ Æ Æ �G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G �h�•�š�ž�Œ�™�G�a�G�G�€�Œ�š�G�G

�‰�P�G { }{ },Æ Í Æ Æ �G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G �h�•�š�ž�Œ�™�a�G�G�G�€�Œ�š�G
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�Š�P�G�G�G�G�G{ }{ }ÆÎ Æ �G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�h�•�š�ž�Œ�™�a�G�G�u�–�G

�‹�P�G { } { }{ }{ }, ,a a a aÎ �G�G�G�G�G�G�G�G �h�•�š�ž�Œ�™�a�G�G�G�u�–�G

�Œ�P�G{ } { } { }{ }{ }, ,a a a bÎ �G�G�G�G�G�G�G �h�•�š�ž�Œ�™�a�G�G�G�€�Œ�š�G

�•�P�G { } { } { }{ }{ }, ,Æ Í Æ Æ Æ �G�G�G�G�G�G �h�•�š�ž�Œ�™�a�G�G�G�u�–�G

�Ž�P�G { }{ } { }{ }{ }, , ,a b a a bÎ �G�G�G�G�G�G �h�•�š�ž�Œ�™�a�G�G�G�€�Œ�š�G

�•�P�G { }{ } { }{ }{ }, , ,a b a a bÎ �G�G�G�G�G�G �h�•�š�ž�Œ�™�a�G�G�G�€�Œ�š�G

�•�P�G { }{ } { }{ }, ,a b b aÎ �G�G�G�G�G�G�G�G�G�G�G�G�G �h�•�š�ž�Œ�™�a�G�G�G�u�–�G

�‘�P�G�G�G�G�G�G{ }{ } { }{ }, ,a b b aÍ �G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�h�•�š�ž�Œ�™�a�G�G�G�€�Œ�š�G

�G
�2�G�G�G�G�ˆ�P�G�G�•�š�G�›�™�œ�Œ�G�š�•�•�Š�Œ�GÆ�G�•�š�G�ˆ�G�”�Œ�”�‰�Œ�™�G�–�•�G�›�•�Œ�G�š�Œ�›�G�–�•�G�›�•�Œ�G�™�•�Ž�•�›�U�G
�G
�2�G�G�G�G�‰�P�G�•�š�G�›�™�œ�Œ�G�š�•�•�Š�Œ�G�›�•�Œ�G�Œ�”�—�›� �G�š�Œ�›�G�•�š�G�ˆ�G�š�œ�‰�š�Œ�›�G�–�•�G�ˆ�•� �G�š�Œ�›�S�G�›�•�Œ�G�G
�G�G�G�G�G�™�Œ�ˆ�š�–�•�G�‰�Œ�•�•�Ž�G�›�•�Œ�G�Œ�”�—�›� �G�š�Œ�›�G�‹�–�Œ�š�G�•�–�›�G�•�ˆ�•�Œ�G�ˆ�•� �G�Œ�“�Œ�”�Œ�•�›�š�U�G�G�G
�G
�2�G�G�G�Š�P�G�•�š�G�•�ˆ�“�š�Œ�G�š�•�•�Š�Œ�GÆ�G�•�š�G�•�–�›�G�ˆ�G�”�Œ�”�‰�Œ�™�G�–�•�G�›�•�Œ�G�š�Œ�›�G�–�•�G�›�•�Œ�G�™�•�Ž�•�›�U�G�G �G
�G
�2�G�G�G�‹�P�G�•�š�G�•�ˆ�“�š�Œ�G�š�•�•�Š�Œ�Ga �G�•�š�G�•�–�›�G�–�•�Œ�G�–�•�G�›�•�Œ�G�Œ�“�Œ�”�Œ�•�›�š�G�–�•�G�›�•�Œ�G�š�Œ�›�G�–�•�G�›�•�Œ�G�G
�G�G�G�G�™�•�Ž�•�›�U�G�G�G�G�G�G
�G

�t�ˆ�t�ˆ�t�ˆ�t�ˆ�™�Ž�•�•�G�u�–�›�Œ�a�™�Ž�•�•�G�u�–�›�Œ�a�™�Ž�•�•�G�u�–�›�Œ�a�™�Ž�•�•�G�u�–�›�Œ�a�G�G�{�•�Œ�G�Œ�”�—�›� �G�š�Œ�›�G�•�š�G�ˆ�G�š�œ�‰�š�Œ�›�G�–�•�G�ˆ�•� �G�š�Œ�›�U�G
�G
�G�G

�G�G�G�G�{�•�Œ�–�™�Œ�”�G�Z�G�G�G�O�w�–�ž�Œ�™�G�z�Œ�›�P�G�G�G�{�•�Œ�–�™�Œ�”�G�Z�G�G�G�O�w�–�ž�Œ�™�G�z�Œ�›�P�G�G�G�{�•�Œ�–�™�Œ�”�G�Z�G�G�G�O�w�–�ž�Œ�™�G�z�Œ�›�P�G�G�G�{�•�Œ�–�™�Œ�”�G�Z�G�G�G�O�w�–�ž�Œ�™�G�z�Œ�›�P�G�G�G�m�–�™�GA �G�ˆ�•�‹�GB �‰�Œ�G�š�Œ�›�š�S�G�ž�Œ�G�•�ˆ�•�Œ�G�G
�G�G�G
�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G( ) ( )A B P A P BÍ Û Í �G�U�G

�G
�w�™�–�–�•�a�w�™�–�–�•�a�w�™�–�–�•�a�w�™�–�–�•�a�G�G�G�G�G�G�G�G�G�G
�G

( ) ( )( ) ( )A B P A P BÍ � Í �G�G�G�G�~�Œ�G�š�›�ˆ�™�›�G�‰� �G�›�ˆ�’�•�•�Ž�G�ˆ�•�G�ˆ�™�‰�•�›�™�ˆ�™� �G�š�Œ�›�G( )X P AÎ �U�G�G�G�G�G

�z�•�•�Š�Œ�G ( )X P AÎ �G�ž�Œ�G�’�•�–�ž�GX AÍ �G�ˆ�•�‹�G�•�Œ�•�Š�Œ�G�‰� �G�•� �—�–�›�•�Œ�š�•�š�GA BÍ �G�ž�Œ�G�Ž�ˆ�•�Œ�G

X BÍ �U�G�G�G�i�œ�›�G�›�•�•�š�G�”�Œ�ˆ�•�š�G( )X P BÎ �G�ˆ�•�‹�G�š�–�G�ž�Œ�G�Š�–�•�Š�“�œ�‹�Œ�G( ) ( )P A P BÍ �U�G

�G

( ) ( )( ) ( )P A P B A BÍ � Í �G�G�G�~�Œ�G�“�Œ�›�Gx AÎ �U�G�G�p�•�Gx AÎ �S�G�›�•�Œ�•�G{ } ( )x P AÎ �S�G�ˆ�•�‹�G�š�•�•�Š�Œ�G

�‰� �G�ˆ�š�š�œ�”�—�›�•�–�•�G( ) ( )P A P BÍ �G�ž�Œ�G�•�ˆ�•�Œ�G{ } ( )x P BÎ �U�G�G�i�œ�›�G�›�•�•�š�G�”�Œ�ˆ�•�š�Gx BÎ �G�ˆ�•�‹�G�š�–�G

�ž�Œ�G�•�ˆ�•�Œ�G�—�™�–�•�Œ�•�GA BÍ �U�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�+�G�G
�G�G�G�G�G
�G�G�G�G
�|�•�•�–�•�|�•�•�–�•�|�•�•�–�•�|�•�•�–�•�S�S�S�S�G�G�G�G�p�•�›�Œ�™�š�Œ�Š�›�•�–�•�p�•�›�Œ�™�š�Œ�Š�›�•�–�•�p�•�›�Œ�™�š�Œ�Š�›�•�–�•�p�•�›�Œ�™�š�Œ�Š�›�•�–�•�S�G�ˆ�•�‹�G�k�•�•�•�Œ�™�Œ�•�Š�Œ�S�G�ˆ�•�‹�G�k�•�•�•�Œ�™�Œ�•�Š�Œ�S�G�ˆ�•�‹�G�k�•�•�•�Œ�™�Œ�•�Š�Œ�S�G�ˆ�•�‹�G�k�•�•�•�Œ�™�Œ�•�Š�Œ�G�G�G�G�–�•�G�z�Œ�›�š�G�–�•�G�z�Œ�›�š�G�–�•�G�z�Œ�›�š�G�–�•�G�z�Œ�›�š�G�G�G�G�G
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�G�G�G�G
�G �p�•�G�›�™�ˆ�‹�•�›�•�–�•�ˆ�“�G�ˆ�™�•�›�•�”�Œ�›�•�Š�G�ˆ�•�‹�G�ˆ�“�Ž�Œ�‰�™�ˆ�S�G�ž�Œ�G�Š�ˆ�™�™� �G�–�œ�›�G�›�•�Œ�G�‰�•�•�ˆ�™� �G�–�—�Œ�™�ˆ�›�•�–�•�š�G
�–�•�G+ �G�ˆ�•�‹�G´ �G�–�•�G�•�œ�”�‰�Œ�™�š�U�G�G�p�•�G�“�–�Ž�•�Š�S�G�ž�Œ�G�•�ˆ�•�Œ�G�›�•�Œ�G�ˆ�•�ˆ�“�–�Ž�–�œ�š�G�‰�•�•�ˆ�™� �G�–�—�Œ�™�ˆ�›�•�–�•�š�G�–�•�G
Ú�G�G�ˆ�•�‹�GÙ�G�–�•�G�š�Œ�•�›�Œ�•�Š�Œ�š�U�G�G�p�•�G�š�Œ�›�G�›�•�Œ�–�™� �G�ž�Œ�G�•�ˆ�•�Œ�G�›�•�Œ�G�‰�•�•�ˆ�™� �G�–�—�Œ�™�ˆ�›�•�–�•�š�G�–�•�G�œ�•�•�–�•�G
È �G�ˆ�•�‹�G�•�•�›�Œ�™�š�Œ�Š�›�•�–�•�GÇ �G�–�•�G�š�Œ�›�š�S�G�ž�•�•�Š�•�G�•�•�G�ˆ�G�š�Œ�•�š�Œ�G�ˆ�™�Œ�G�ˆ�•�ˆ�“�–�Ž�–�œ�š�[�G�›�–�G�›�•�Œ�G�–�•�Œ�š�G�•�•�G
�ˆ�™�•�›�•�”�Œ�›�•�Š�G�ˆ�•�‹�G�š�Œ�•�›�Œ�•�›�•�ˆ�“�G�“�–�Ž�•�Š�U�G�G
�G
�G�G�G�G�G�G�G
�G
�k�Œ�•�•�•�•�›�•�–�•�G�k�Œ�•�•�•�•�›�•�–�•�G�k�Œ�•�•�•�•�›�•�–�•�G�k�Œ�•�•�•�•�›�•�–�•�G�G�G
�G�G
�@�G �G �G �|�•�•�–�•�a�|�•�•�–�•�a�|�•�•�–�•�a�|�•�•�–�•�a�G �G �{�•�Œ�G �œ�•�•�–�•�œ�•�•�–�•�œ�•�•�–�•�œ�•�•�–�•�G �–�•�G �›�ž�–�G �š�Œ�›�š�G �h�G �ˆ�•�‹�G �i�S�G �‹�Œ�•�–�›�Œ�‹�GA BÈ �S�G �•�š�G �›�•�Œ�G �š�Œ�›�G �–�•�G
�Œ�“�Œ�”�Œ�•�›�š�G�›�•�ˆ�›�G�‰�Œ�“�–�•�Ž�G�›�–�G�h�G�–�™�G�i�G�G�–�™�G�‰�–�›�•�\�U�G�G�G�z� �”�‰�–�“�•�Š�ˆ�“�“� �G
�G

�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G{ }:  or  A B x x A x BÈ = Î Î �G

�G

�G
�G
�@�G�G�G�p�•�›�Œ�™�š�Œ�Š�›�•�–�•�a�p�•�›�Œ�™�š�Œ�Š�›�•�–�•�a�p�•�›�Œ�™�š�Œ�Š�›�•�–�•�a�p�•�›�Œ�™�š�Œ�Š�›�•�–�•�a�G�G�{�•�Œ�G�•�•�›�Œ�™�š�Œ�Š�›�•�•�•�›�Œ�™�š�Œ�Š�›�•�•�•�›�Œ�™�š�Œ�Š�›�•�•�•�›�Œ�™�š�Œ�Š�›�•�–�•�–�•�–�•�–�•�G�–�•�G�›�ž�–�G�š�Œ�›�š�G�h�G�ˆ�•�‹�G�i�S�G�‹�Œ�•�–�›�Œ�‹�GA BÇ �S�G�•�š�G�›�•�Œ�G
�š�Œ�›�G�–�•�G�Œ�“�Œ�”�Œ�•�›�š�G�›�•�ˆ�›�G�‰�Œ�“�–�•�Ž�G�›�–�G�h�G�ˆ�•�‹�G�i�U�G�G�G�z� �”�‰�–�“�•�Š�ˆ�“�“� �G
�G

�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G{ }:  and A B x x A x BÇ = Î Î �G

�G

�G�G�G �G
�G

�G�G�G�G�G�G�G�p�•�GA BÇ = Æ�G�›�•�Œ�•�G�›�•�Œ�G�š�Œ�›�š�G and A B�G�ˆ�™�Œ�G�Š�ˆ�“�“�Œ�‹�G�‹�•�š�‘�–�•�•�›�‹�•�š�‘�–�•�•�›�‹�•�š�‘�–�•�•�›�‹�•�š�‘�–�•�•�›�U�G�G�G�G
�G
�@�G �G �G �{�•�Œ�G �‹�•�•�•�Œ�™�Œ�•�Š�Œ�G�‹�•�•�•�Œ�™�Œ�•�Š�Œ�G�‹�•�•�•�Œ�™�Œ�•�Š�Œ�G�‹�•�•�•�Œ�™�Œ�•�Š�Œ�G �–�•�G �›�ž�–�G �š�Œ�›�š�S�G �‹�Œ�•�–�›�Œ�‹�G�G�G�GA B- �S�G �•�š�G �‹�Œ�•�•�•�Œ�‹�G �›�–�G �‰�Œ�G �›�•�Œ�G �š�Œ�›�G �–�•�G

�Œ�“�Œ�”�Œ�•�›�š�G�›�•�ˆ�›�G�‰�Œ�“�–�•�Ž�G�›�–�G�h�G�G�‰�œ�›�G�•�–�›�G�i�U�G�G�G�z� �”�‰�–�“�•�Š�ˆ�“�“� �G
�G

�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G{ }:  and  A B x U x A x B- = Î Î Ï �G

�G

                                                 
4 If we were to define a Boolean algebra we would see that the binary operations of ,Ù Ú are very 

analogous to those of ,Ç È . 
5 This “or” is the inclusive “or” in contrast to the exclusive “or” which means one or the other but not both.  
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�G�G�G�G
�}�Œ�•�•�G�k�•�ˆ�Ž�™�ˆ�”�š�}�Œ�•�•�G�k�•�ˆ�Ž�™�ˆ�”�š�}�Œ�•�•�G�k�•�ˆ�Ž�™�ˆ�”�š�}�Œ�•�•�G�k�•�ˆ�Ž�™�ˆ�”�š�G�G�G�G

�{�•�Œ�G�Š�–�•�Š�Œ�—�›�š�G�–�•�G�œ�•�•�–�•�S�G�•�•�›�Œ�™�š�Œ�Š�›�•�–�•�G�ˆ�•�‹�G�™�Œ�“�ˆ�›�•�•�Œ�G�Š�–�”�—�“�Œ�”�Œ�•�›�G�–�•�G�š�Œ�›�š�G�Š�ˆ�•�G
�‰�Œ�G�•�“�“�œ�š�›�™�ˆ�›�Œ�‹�G�•�•�š�œ�ˆ�“�“� �G�‰� �G�œ�š�Œ�G�–�•�G�}�Œ�•�•�G�‹�•�ˆ�Ž�™�ˆ�”�š�}�Œ�•�•�G�‹�•�ˆ�Ž�™�ˆ�”�š�}�Œ�•�•�G�‹�•�ˆ�Ž�™�ˆ�”�š�}�Œ�•�•�G�‹�•�ˆ�Ž�™�ˆ�”�š�]�U�G�G�G�l�ˆ�Š�•�G�}�Œ�•�•�G�‹�•�ˆ�Ž�™�ˆ�”�G�‰�Œ�Ž�•�•�š�G
�ž�•�›�•�G�ˆ�•�G�–�•�ˆ�“�G�™�Œ�—�™�Œ�š�Œ�•�›�•�•�Ž�G�›�•�Œ�G�œ�•�•�•�Œ�™�š�ˆ�“�G�š�Œ�›�œ�•�•�•�Œ�™�š�ˆ�“�G�š�Œ�›�œ�•�•�•�Œ�™�š�ˆ�“�G�š�Œ�›�œ�•�•�•�Œ�™�š�ˆ�“�G�š�Œ�›�S�G�ˆ�G�š�Œ�›�G�›�•�ˆ�›�G�Š�–�•�›�ˆ�•�•�š�G�ˆ�“�“�G�Œ�“�Œ�”�Œ�•�›�š�G�–�•�G
�•�•�G �‹�•�š�Š�œ�š�š�•�–�•�S�G �”�ˆ� �‰�Œ�G �›�•�Œ�G �™�Œ�ˆ�“�G �•�œ�”�‰�Œ�™�S�G �Š�–�”�—�“�Œ�Ÿ�G �•�œ�”�‰�Œ�™�š�S�G �ˆ�•�‹�G �š�–�G �–�•�U�G �G �{�•�Œ�•�S�G
�Œ�ˆ�Š�•�G �š�Œ�›�G �•�•�G �›�•�Œ�G �‹�•�š�Š�œ�š�š�•�–�•�G �•�š�G �™�Œ�—�™�Œ�š�Œ�•�›�Œ�‹�G �‰� �G �ˆ�G �Š�•�™�Š�“�Œ�S�G �ž�•�Œ�™�Œ�G �Œ�“�Œ�”�Œ�•�›�š�G
�‰�Œ�“�–�•�Ž�•�•�Ž�G�›�–�G�”�–�™�Œ�G�›�•�ˆ�•�G�–�•�Œ�G�š�Œ�›�G�ˆ�™�Œ�G�—�“�ˆ�Š�Œ�‹�G�•�•�G�š�Œ�Š�›�•�–�•�š�G�ž�•�Œ�™�Œ�G�Š�•�™�Š�“�Œ�š�G�–�•�Œ�™�“�ˆ�—�U�G�G
�m�•�Ž�œ�™�Œ�G�Y�G�•�“�“�œ�š�›�™�ˆ�›�Œ�š�G�›� �—�•�Š�ˆ�“�G�}�Œ�•�•�G�‹�•�ˆ�Ž�™�ˆ�”�š�G�•�–�™�G�›�ž�–�G�–�•�Œ�™�“�ˆ�—�—�•�•�Ž�G�š�Œ�›�š�U�G�G

�G

�G�G�G �G
�}�Œ�•�•�G�k�•�ˆ�Ž�™�ˆ�”�š�G�•�–�™�G�{�ž�–�G�z�Œ�›�š�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G

�m�•�Ž�œ�™�Œ�G�Y�G
�G
�G�m�•�Ž�œ�™�Œ�G�Z�G�•�“�“�œ�š�›�™�ˆ�›�Œ�š�G�}�Œ�•�•�G�‹�•�ˆ�Ž�™�ˆ�”�š�G�•�–�™�G�›�•�™�Œ�Œ�G�š�Œ�›�š�U�G
�G

                                                 
6 Venn diagrams were the invention of British logician John Venn (1834-1923) who made major 
contributions to logic and probability.  John Venn was an ordained minister but gave up the ministry in 
1883 to concentrate on mathematics and logic.  
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�G

�}�Œ�•�•�G�k�•�ˆ�Ž�™�ˆ�”�š�G�•�–�™�G�{�•�™�Œ�Œ�G�z�Œ�›�š�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G
�m�•�Ž�œ�™�Œ�G�Z�G

�{�•�Œ�G �—�™�–�—�Œ�™�›�•�Œ�š�G �–�•�G" " and " "È Ç �G �•�•�G �š�Œ�›�G �›�•�Œ�–�™� �G �•�ˆ�•�Œ�G �›�•�Œ�•�™�G �Š�–�œ�•�›�Œ�™�—�ˆ�™�›�š�G �•�•�G �›�•�Œ�G
�—�™�–�—�Œ�™�›�•�Œ�š�G �–�•�G" " and " "Ú Ù �G �•�•�G �š�Œ�•�›�Œ�•�›�•�ˆ�“�G �“�–�Ž�•�Š�U�G �G �{�ˆ�‰�“�Œ�G �X�G �•�“�“�œ�š�›�™�ˆ�›�Œ�š�G �›�•�Œ�š�Œ�G
�Š�–�œ�•�›�Œ�™�—�ˆ�™�›�š�U�G�G
�G�G�G�G

�{�ˆ�œ�›�–�“�–�Ž� �{�ˆ�œ�›�–�“�–�Ž� �{�ˆ�œ�›�–�“�–�Ž� �{�ˆ�œ�›�–�“�–�Ž� �G �z�Œ�›�G�l�˜�œ�•�•�ˆ�“�Œ�•�Š�Œ�G�z�Œ�›�G�l�˜�œ�•�•�ˆ�“�Œ�•�Š�Œ�G�z�Œ�›�G�l�˜�œ�•�•�ˆ�“�Œ�•�Š�Œ�G�z�Œ�›�G�l�˜�œ�•�•�ˆ�“�Œ�•�Š�Œ�G�G

�GP Q Q PÚ Û Ú �G �G
P Q Q PÙ Û Ù �G �G

( ) ( )P Q R P Q RÚ Ú Û Ú Ú �G �G

( ) ( )P Q R P Q RÙ Ù Û Ù Ù �G �G

�G ( ) ( ) ( )P Q R P Q P RÚ Ù Û Ú Ù Ú �G �G

�G ( ) ( ) ( )P Q R P Q P RÙ Ú Û Ù Ú Ù �G �G
�GP P PÙ Û �G �G
�GP P PÚ Û �G �G

�G ( )P Q Q PÙ Ù Û� � �G A AÆ =� �G

�G ( )P Q Q QÚ Ù Û� �G �G
�G

�l�˜�œ�•�•�ˆ�“�Œ�•�Š�Œ�G�‰�Œ�›�ž�Œ�Œ�•�G�š�–�”�Œ�G�s�ˆ�ž�š�G�–�•�G�s�–�Ž�•�Š�G�ˆ�•�‹�G�s�ˆ�ž�š�G�–�•�G�z�Œ�›�š�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G
�{�ˆ�‰�“�Œ�G�Z�G

�G
�G�u�ˆ�•�•�Œ�G�•�Œ�™�š�œ�š�G�h�Ÿ�•�–�”�ˆ�›�•�Š�G�z�Œ�›�G�{�•�Œ�–�™� �u�ˆ�•�•�Œ�G�•�Œ�™�š�œ�š�G�h�Ÿ�•�–�”�ˆ�›�•�Š�G�z�Œ�›�G�{�•�Œ�–�™� �u�ˆ�•�•�Œ�G�•�Œ�™�š�œ�š�G�h�Ÿ�•�–�”�ˆ�›�•�Š�G�z�Œ�›�G�{�•�Œ�–�™� �u�ˆ�•�•�Œ�G�•�Œ�™�š�œ�š�G�h�Ÿ�•�–�”�ˆ�›�•�Š�G�z�Œ�›�G�{�•�Œ�–�™� �G�G�G
�G�G�G�G�G�G�u�ˆ�•�•�Œ�G�š�Œ�›�G�›�•�G�G�G�G�G�G�u�ˆ�•�•�Œ�G�š�Œ�›�G�›�•�G�G�G�G�G�G�u�ˆ�•�•�Œ�G�š�Œ�›�G�›�•�G�G�G�G�G�G�u�ˆ�•�•�Œ�G�š�Œ�›�G�›�•�Œ�–�™� �Œ�–�™� �Œ�–�™� �Œ�–�™� �S�G�ˆ�š�G�ž�Œ�G�š�›�œ�‹� �G�•�•�G�›�•�•�š�G�š�Œ�Š�›�•�–�•�S�G�š�›�œ�‹�•�Œ�š�G�‰�ˆ�š�•�Š�G�—�™�–�—�Œ�™�›�•�Œ�š�G�–�•�G
�š�Œ�›�š�S�G�š�œ�Š�•�G�ˆ�š�G�Š�–�”�—�“�Œ�”�Œ�•�›�š�S�G�œ�•�•�–�•�S�G�•�•�›�Œ�™�š�Œ�Š�›�•�–�•�S�G�k�Œ�G�t�–�™�Ž�ˆ�•�Å�š�G�“�ˆ�ž�š�S�G�ˆ�•�‹�G�š�–�G�–�•�G
�œ�š�•�•�Ž�G �Ž�Œ�•�Œ�™�ˆ�“�G �•�•�›�œ�•�›�•�–�•�U�G �G �|�•�•�–�™�›�œ�•�ˆ�›�Œ�“� �S�G �œ�•�“�Œ�š�š�G �Š�ˆ�™�Œ�G �•�š�G �›�ˆ�’�Œ�•�G �–�•�G �Œ�Ÿ�ˆ�Š�›�“� �G �ž�•�ˆ�›�G
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�’�•�•�‹�G �–�•�G �Š�–�“�“�Œ�Š�›�•�–�•�š�G �–�•�G �–�‰�‘�Œ�Š�›�š�G �Š�ˆ�•�G �‰�Œ�G �È�ˆ�Š�Š�Œ�—�›�Œ�‹�É�G �ˆ�š�G�ˆ�G �š�Œ�›�S�G �•�›�G �•�š�G �—�–�š�š�•�‰�“�Œ�G �›�–�G
�ˆ�™�™�•�•�Œ�G�ˆ�›�G�Š�–�•�›�™�ˆ�‹�•�Š�›�•�–�•�š�G�O�•�U�Œ�U�G�y�œ�š�š�Œ�“�“�Å�š�G�—�ˆ�™�ˆ�‹�–�Ÿ�P�S�G�ž�•�•�Š�•�G�ž�Œ�G�ž�•�“�“�G�“�Œ�ˆ�™�•�G�ˆ�‰�–�œ�›�G�“�ˆ�›�Œ�™�G
�•�•�G�›�•�•�š�G�Š�•�ˆ�—�›�Œ�™�U�G�G�h�Ÿ�•�–�”�ˆ�›�•�Š�h�Ÿ�•�–�”�ˆ�›�•�Š�h�Ÿ�•�–�”�ˆ�›�•�Š�h�Ÿ�•�–�”�ˆ�›�•�Š�G�š�Œ�›�G�›�•�Œ�–�™� �G�ž�ˆ�š�G�Š�™�Œ�ˆ�›�Œ�‹�G�›�–�G�—�“�ˆ�Š�Œ�G�š�Œ�›�G�›�•�Œ�–�™� �G�–�•�G�ˆ�G�•�•�™�”�G
�ˆ�Ÿ�•�–�”�ˆ�›�•�Š�G �•�–�œ�•�‹�ˆ�›�•�–�•�G �ž�•�Œ�™�Œ�G �›�•�Œ�G �ˆ�Ÿ�•�–�”�š�G �ˆ�™�Œ�G �Š�–�•�š�•�š�›�Œ�•�›�Š�–�•�š�•�š�›�Œ�•�›�Š�–�•�š�•�š�›�Œ�•�›�Š�–�•�š�•�š�›�Œ�•�›�G �O�•�–�G �•�•�›�Œ�™�•�ˆ�“�G
�Š�–�•�›�™�ˆ�‹�•�Š�›�•�–�•�š�P�G �ˆ�•�‹�G �•�•�‹�Œ�—�Œ�•�‹�Œ�•�›�•�•�‹�Œ�—�Œ�•�‹�Œ�•�›�•�•�‹�Œ�—�Œ�•�‹�Œ�•�›�•�•�‹�Œ�—�Œ�•�‹�Œ�•�›�G �O�•�–�G �–�•�Œ�G �ˆ�Ÿ�•�–�”�G �Š�–�œ�“�‹�G �‰�Œ�G �—�™�–�•�Œ�•�G �•�™�–�”�G �›�•�Œ�G
�–�›�•�Œ�™�š�P�U�G�G�{�•�Œ�G�”�–�š�›�G �ˆ�Š�Š�Œ�—�›�Œ�‹�G �ˆ�Ÿ�•�–�”�š�G �–�•�G�š�Œ�›�G�›�•�Œ�–�™� �G�ˆ�™�Œ�G�›�•�Œ�G�•�Œ�™�”�Œ�“�–�T�m�™�ˆ�Œ�•�’�Œ�“�G
�O�•�m�P�G�ˆ�Ÿ�•�–�”�š�S�G�•�ˆ�”�Œ�‹�G�ˆ�•�›�Œ�™�G�“�–�Ž�•�Š�•�ˆ�•�š�G�l�™�•�š�›�G�•�Œ�™�”�Œ�“�–�G�O�X�_�^�X�T�X�`�\�Z�P�G�ˆ�•�‹�G�h�‰�™�ˆ�•�ˆ�”�G
�m�™�ˆ�Œ�•�’�Œ�“�G�O�X�_�`�X�T�X�`�]�\�P�U�G�G

�G
�t�t�t�t�ˆ�™�Ž�•�•�G�u�–�›�Œ�a�G�G�ˆ�™�Ž�•�•�G�u�–�›�Œ�a�G�G�ˆ�™�Ž�•�•�G�u�–�›�Œ�a�G�G�ˆ�™�Ž�•�•�G�u�–�›�Œ�a�G�G�{�•�Œ�G�š� �”�‰�–�“�š�GÈ �ˆ�•�‹�G�G�G�GÇ �G�G�G�G�•�–�™�G�š�Œ�›�G�œ�•�•�–�•�G�ˆ�•�‹�G�•�•�›�Œ�™�š�Œ�Š�›�•�–�•�G�•�š�G�‹�œ�Œ�G�›�–�G
�›�•�Œ�G�p�›�ˆ�“�•�ˆ�•�G�”�ˆ�›�•�Œ�”�ˆ�›�•�Š�•�ˆ�•�G�n�•�œ�š�Œ�—�—�Œ�G�w�Œ�ˆ�•�–�G�O�X�_�\�_�T�X�`�Z�Y�P�U�G�G�G�G�G�G�G�G
�G�G�G�G

�{�•�Œ�–�™�Œ�”�G�{�•�Œ�–�™�Œ�”�G�{�•�Œ�–�™�Œ�”�G�{�•�Œ�–�™�Œ�”�G�[�[�[�[�G�G�G�m�–�™�G�h�G�ˆ�•�‹�G�i�G�š�Œ�›�š�S�G�ž�Œ�G�•�ˆ�•�Œ�GA B B AÍ � Í �U�G
�w�™�–�–�•�a�G�w�™�–�–�•�a�G�w�™�–�–�•�a�G�w�™�–�–�•�a�G�G�G�G�G�G�G�G�G

�{�–�G�š�•�–�ž A B B AÍ � Í �G�ž�Œ�G�š�•�–�ž�GB AÍ �G�œ�š�•�•�Ž�G�›�•�Œ�G�•� �—�–�›�•�Œ�š�•�šA BÍ �G�ˆ�š�G

�ˆ�š�š�•�š�›�ˆ�•�Š�Œ�G�ž�•�Œ�•�G�•�Œ�Œ�‹�Œ�‹�U�G�G�G�s�Œ�›�›�•�•�Ž�Gx BÎ �G�š�ˆ� �š�G�›�•�ˆ�›�Gx �‹�–�Œ�š�G�•�–�›�G�‰�Œ�“�–�•�Ž�G�›�–�G�i�S�G�G�‰�œ�›�G
�›�•�Œ�G�•� �—�–�›�•�Œ�š�•�š�GA BÍ �G�›�Œ�“�“�š�G�œ�š�G�›�•�ˆ�›�G�h�G�•�š�G�Š�–�•�›�ˆ�•�•�Œ�‹�G�•�•�G�i �G�ˆ�•�‹�G�•�Œ�•�Š�Œ�Gx �‹�–�Œ�š�G�•�–�›�G

�‰�Œ�“�–�•�Ž�G�›�–�G�h�G�ˆ�š�G�ž�Œ�“�“�S�G�–�™�G�•�•�G�–�›�•�Œ�™�G�ž�–�™�‹�šx AÎ �U�G�G�o�Œ�•�Š�Œ�S�G�ž�Œ�G�•�ˆ�•�Œ�G�—�™�–�•�Œ�•�GB AÍ �U�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G
�+�G
�G�G�G�G
�{�{�{�{�•�Œ�–�™�Œ�”�G�•�Œ�–�™�Œ�”�G�•�Œ�–�™�Œ�”�G�•�Œ�–�™�Œ�”�G�\�\�\�\�a�a�a�a�G�G�G�s�Œ�›�G,A B�ˆ�•�‹�GC �G�‰�Œ�G�š�Œ�›�š�U�G�G�{�•�Œ�•�G" "Ç �‹�•�š�›�™�•�‰�œ�›�Œ�š�G�–�•�Œ�™�G" "È �U�G�G�{�•�ˆ�›�G�•�š�G

�G

�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G( ) ( ) ( )A B C A B A CÇ È = Ç È Ç �G

�w�™�–�–�•�a�G�G�G�w�™�–�–�•�a�G�G�G�w�™�–�–�•�a�G�G�G�w�™�–�–�•�a�G�G�G�G�G�G�G
�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�~�Œ�G�š�•�–�ž�G

�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

a)     :

b)    :

A B C A B A C

A B C A B A C

Í Ç È Í Ç È Ç

Ê Ç È Ê Ç È Ç
�G

�G
�{�–�G�š�•�–�ž�G�ˆ�P�G�ž�Œ�G�ž�™�•�›�Œ�G�G
�G

�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G
( )

( ) ( )
  and 

 and  or 

x A B C x A x B C

x A x B x C

Î Ç È � Î Î È

� Î Î Î
�G

�G

�i�œ�›�G�›�•�•�š�G�”�Œ�ˆ�•�š�G  or x A B x A CÎ Ç Î Ç �U�G�G�p�•�G�–�›�•�Œ�™�G�ž�–�™�‹�š�G( ) ( )x A B A CÎ Ç È Ç �G

�ž�•�•�Š�•�G�—�™�–�•�Œ�š�G�ˆ�P�U�G�G
�G

�{�–�G�—�™�–�•�Œ�G�‰�P�G�ž�Œ�G�ˆ�™�Ž�œ�Œ�G�ˆ�G�“�•�›�›�“�Œ�G�‹�•�•�•�Œ�™�Œ�•�›�“� �U�G�G�z�•�•�Š�Œ�G
�G

�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G
B B C

C B C

Í È

Í È
�G

�G
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�ž�Œ�G�•�•�›�Œ�™�š�Œ�Š�›�G�Œ�ˆ�Š�•�G�š�•�‹�Œ�G�ž�•�›�•A �S�G�Ž�Œ�›�›�•�•�Ž�G�G
�G

�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G
( )
( )

A B A B C

A C A B C

Ç Í Ç È

Ç Í Ç È
�G

�G

�ˆ�•�‹�G�š�–�G( ) ( ) ( )A B A C A B CÇ È Ç Í Ç È �U�G�G�{�•�œ�š�G�‰�P�G�•�š�G�•�Œ�™�•�•�•�Œ�‹�G�ˆ�•�‹�G�š�–�G�ž�Œ�G�•�ˆ�•�Œ�G

�—�™�–�•�Œ�•�G�›�•�Œ�G�‹�Œ�š�•�™�Œ�‹�G�™�Œ�š�œ�“�›�U�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�+�G
�G�G�G�G�G�G�G�G
�k�Œ�G�t�–�™�Ž�ˆ�•�Å�š�G�s�ˆ�ž�š�k�Œ�G�t�–�™�Ž�ˆ�•�Å�š�G�s�ˆ�ž�š�k�Œ�G�t�–�™�Ž�ˆ�•�Å�š�G�s�ˆ�ž�š�k�Œ�G�t�–�™�Ž�ˆ�•�Å�š�G�s�ˆ�ž�š�G�G�G�G

�G �~�Œ�G�š�ˆ�ž�G�•�•�G�š�Œ�•�›�Œ�•�›�•�ˆ�“�G�“�–�Ž�•�Š�G�›�•�Œ�G�›�ˆ�œ�›�–�“�–�Ž�•�Œ�š�G( )P Q P QÙ º Ú� � � �G�ˆ�•�‹�G

( )P Q P QÚ º Ù� � � �U�G�G�{�•�Œ�G�ˆ�•�ˆ�“�–�Ž�–�œ�š�G�•�‹�Œ�•�›�•�›�•�Œ�š�G�•�–�™�G�š�Œ�›�š�G�ˆ�™�Œ�G�Š�ˆ�“�“�Œ�‹�G�k�Œ�G�t�–�™�Ž�ˆ�•�Å�š�G�k�Œ�G�t�–�™�Ž�ˆ�•�Å�š�G�k�Œ�G�t�–�™�Ž�ˆ�•�Å�š�G�k�Œ�G�t�–�™�Ž�ˆ�•�Å�š�G

�“�ˆ�ž�š�“�ˆ�ž�š�“�ˆ�ž�š�“�ˆ�ž�š�U�G�G�G
�G
�{�•�Œ�–�™�Œ�”�G�{�•�Œ�–�™�Œ�”�G�{�•�Œ�–�™�Œ�”�G�{�•�Œ�–�™�Œ�”�G�]�]�]�]�G�G�G�G�s�Œ�›�G�h�G�ˆ�•�‹�G�i �G�‰�Œ�G�š�Œ�›�š�U�G�G�w�™�–�•�Œ�G�k�Œ�G�t�–�™�Ž�ˆ�•�Å�š�G�“�ˆ�ž�š�S�G�ž�•�•�Š�•�G�š�›�ˆ�›�Œ�G�G�G�G
�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G

�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G
1.     

2.     

A B A B

A B A B

È = Ç

Ç = È
�G

�w�™�–�–�•�w�™�–�–�•�w�™�–�–�•�w�™�–�–�•�G�G�G�G
�G�G�G�G
�G �~�Œ�G�—�™�–�•�Œ�G�›�•�Œ�G�•�•�™�š�›�G�k�Œ�G�t�–�™�Ž�ˆ�•�G�s�ˆ�ž�U�G�G�~�Œ�G�š�•�–�ž�G�G�G
�G

�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G
             

    

A B A B

A B A B

È Í Ç

È Ê Ç
�G�G

( )Í �G�G�~�Œ�G�“�Œ�›�G�G�G

�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G
 and  

 and 

x A B x A B

x A x B

x A x B

x A B

Î È � Ï È

� Ï Ï

� Î Î

� Î Ç

�G

�o�Œ�•�Š�Œ�GA B A BÈ Í Ç �U�G�G�G�G
�G

( )Ê �G�G�{�–�G�š�•�–�ž�G  A B A BÈ Ê Ç �S�G�ž�Œ�G�“�Œ�›�G

�G

�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G

 and 

 and  

x A B x A x B

x A x B

x A B

x A B

Î Ç � Î Î

� Ï Ï

� Ï È

� Î È

�G

�G
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�o�Œ�•�Š�Œ�G  A B A BÈ Ê Ç �U�G�G�o�Œ�•�Š�Œ�S�G�›�•�Œ�G�•�•�™�š�›�G�k�Œ�G�t�–�™�Ž�ˆ�•�G�s�ˆ�ž�G�•�š�G�•�Œ�™�•�•�•�Œ�‹�U�G�G�{�•�Œ�G
�š�Œ�Š�–�•�‹�G�k�Œ�G�t�–�™�Ž�ˆ�•�Å�š�G�“�ˆ�ž�G�•�š�G�“�Œ�•�›�G�›�–�G�›�•�Œ�G�™�Œ�ˆ�‹�Œ�™�U�G�G�z�Œ�Œ�G�w�™�–�‰�“�Œ�”�G�`�U�G



Section 2.1                                                                                     Basic Notions of Sets 15 

�G
�G�G�G�G�w�™�–�‰�“�Œ�”�š�w�™�–�‰�“�Œ�”�š�w�™�–�‰�“�Œ�”�š�w�™�–�‰�“�Œ�”�š�G�G�G�G

�G

�X�U�G�G�G�G�O�z�Œ�›�G�u�–�›�ˆ�›�•�–�•�P�G�G�G�O�z�Œ�›�G�u�–�›�ˆ�›�•�–�•�P�G�G�G�O�z�Œ�›�G�u�–�›�ˆ�›�•�–�•�P�G�G�G�O�z�Œ�›�G�u�–�›�ˆ�›�•�–�•�P�G�G�G�~�™�•�›�Œ�G�›�•�Œ�G�•�–�“�“�–�ž�•�•�Ž�G�š�Œ�›�š�G�•�•�G�š�Œ�›�G�•�–�›�ˆ�›�•�–�•�G{ }: ( )x P x �U�G

�G
�ˆ�P�G �{�•�Œ�G�™�Œ�ˆ�“�G�•�œ�”�‰�Œ�™�š�G�‰�Œ�›�ž�Œ�Œ�•�G�W�G�ˆ�•�‹�G�X�U�G
�‰�P�G �{�•�Œ�G�•�ˆ�›�œ�™�ˆ�“�G�•�œ�”�‰�Œ�™�š�G�‰�Œ�›�ž�Œ�Œ�•�G�Y�G�ˆ�•�‹�G�\�U�G
�Š�P�G �{�•�Œ�G�š�Œ�›�G�–�•�G�—�™�•�”�Œ�G�•�œ�”�‰�Œ�™�š�U�G

�‹�P�G { }1,2,3,... �G

�Œ�P�G{ }5,6,7 �G

�•�P�G �{�•�Œ�G�š�–�“�œ�›�•�–�•�š�G�–�•�G�›�•�Œ�G�Œ�˜�œ�ˆ�›�•�–�•�G2 1 0x - = �U�G
�G

�G�G�G�G�G�G�G�G�G�Y�U�G�G�U�G�G�U�G�G�U�G�G�G�G�G�G�O�O�O�O�j�•�Œ�Š�’�•�•�Ž�G�z�œ�‰�š�Œ�›�š�a�G�j�•�Œ�Š�’�•�•�Ž�G�z�œ�‰�š�Œ�›�š�a�G�j�•�Œ�Š�’�•�•�Ž�G�z�œ�‰�š�Œ�›�š�a�G�j�•�Œ�Š�’�•�•�Ž�G�z�œ�‰�š�Œ�›�š�a�G�{�™�œ�Œ�G�–�™�G�m�ˆ�“�š�Œ�{�™�œ�Œ�G�–�™�G�m�ˆ�“�š�Œ�{�™�œ�Œ�G�–�™�G�m�ˆ�“�š�Œ�{�™�œ�Œ�G�–�™�G�m�ˆ�“�š�Œ�f�f�f�f�P�G�P�G�P�G�P�G�G�G�G�G
�G�G�G�G�G�G�G�G

�ˆ�P�G Í� � �G
�‰�P�G Í� � �G

�Š�P�G ( ) [ ]0,1 0,1Í �G

�‹�P�G (0,1)Í � �G

�Œ�P�G ( )2,5 Í � �G

�•�P�G ( )2,5Í� �G

�Ž�P�G [ ] { }1,3 1,3Í �G

�•�P�G { } [ ]1,3 1,3Í �G

�•�P�G { } { }3,15 3,5,7,15Í �G

�G�G
�Z�U�G�G�G�G�O�{�•�Œ�G�l�”�—�›� �G�z�Œ�›�O�{�•�Œ�G�l�”�—�›� �G�z�Œ�›�O�{�•�Œ�G�l�”�—�›� �G�z�Œ�›�O�{�•�Œ�G�l�”�—�›� �G�z�Œ�›�a�G�G�{�™�œ�Œ�G�–�™�G�m�ˆ�“�š�Œ�f�a�G�G�{�™�œ�Œ�G�–�™�G�m�ˆ�“�š�Œ�f�a�G�G�{�™�œ�Œ�G�–�™�G�m�ˆ�“�š�Œ�f�a�G�G�{�™�œ�Œ�G�–�™�G�m�ˆ�“�š�Œ�f�P�P�P�P�G�G�G�G
�G

�ˆ�P�G�G�G�G�G{ }Æ = Æ �G �G

�‰�P�G�G�G�G{ }ÆÎ Æ �G

�Š�P�G�G�G�G{ }Æ Í Æ �G

�‹�P�G�G�G�GA AÈÆ = �G�G

�Œ�P�G�G�G�G{ }Æ = Æ �G

�•�P�G�G�G�G{ } { }{ }Æ Î Æ �G

�Ž�P�G�G�G�G{ }{ } { }{ },Æ Î Æ Æ �G

�G
�[�U�G�G�G�G�{�™�œ�Œ�G�–�™�G�m�ˆ�“�š�Œ�f�{�™�œ�Œ�G�–�™�G�m�ˆ�“�š�Œ�f�{�™�œ�Œ�G�–�™�G�m�ˆ�“�š�Œ�f�{�™�œ�Œ�G�–�™�G�m�ˆ�“�š�Œ�f�G�G�G�G
�G

�ˆ�P�GA AÎ �G
�‰�P�G �p�•�GA BÍ �G�ˆ�•�‹�Gx BÏ �G�›�•�Œ�•�Gx AÏ �G
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�Š�P�G �p�•�GA BÍ �G�›�•�Œ�•�GA BÎ �U�G
�‹�P�G �p�•�GA BÎ �G�›�•�Œ�•�GA BÍ �G
�Œ�P�G �p�•�GA BÎ �G�ˆ�•�‹�GB CÎ �G�›�•�Œ�•�GA CÎ �G
�•�P�G �p�•�GA BÎ �G�ˆ�•�‹�GB CÎ �G�›�•�Œ�•�GA CÍ �G

�G
�\�U�G�G�O�w�–�ž�Œ�™�G�z�Œ�›�š�P�O�w�–�ž�Œ�™�G�z�Œ�›�š�P�O�w�–�ž�Œ�™�G�z�Œ�›�š�P�O�w�–�ž�Œ�™�G�z�Œ�›�š�P�G�G�G�m�•�•�‹�G�›�•�Œ�G�—�–�ž�Œ�™�G�š�Œ�›�G�–�•�G�›�•�Œ�G�Ž�•�•�Œ�•�G�š�Œ�›�š�U�G
�G

�ˆ�P�G { }4,5,6A = �G�G

�‰�P�G{ }, ,A = Å Ä� �G

�Š�P�G { }{ },A a b= �G

�‹�P�G { }{ }{ }, ,A a b c= �G

�Œ�P�G { }{ },A a a= �G

�•�P�G { }{ },A = Æ Æ �G

�G
�]�U�G�G�O�t�ˆ�›�Š�•�•�•�Ž�G�z�Œ�›�š�P�O�t�ˆ�›�Š�•�•�•�Ž�G�z�Œ�›�š�P�O�t�ˆ�›�Š�•�•�•�Ž�G�z�Œ�›�š�P�O�t�ˆ�›�Š�•�•�•�Ž�G�z�Œ�›�š�P�G�~�•�•�Š�•�G�—�ˆ�•�™�š�G�–�•�G�›�•�Œ�G�•�–�“�“�–�ž�•�•�Ž�G�š�Œ�›�š�G�ˆ�™�Œ�G�Š�–�•�•�Œ�Š�›�Œ�‹�G�‰� �G�–�•�Œ�G�–�™�G
�”�–�™�Œ�G�–�•�G�›�•�Œ�G�™�Œ�“�ˆ�›�•�–�•�š�G, , ,  or = Î Í Ê �f�G

�G
�ˆ�P�G � �G
�‰�P�G3 �G

�Š�P�G{ }1,2,3,...,10 �G

�‹�P�G{ }:  is an even integerx x �G

�Œ�P�G( 1,1)- �G

�•�P�GÆ�G
�G

�^�U�G�G�G�O�m�•�•�‹�G�›�•�Œ�G�z�Œ�›�P�O�m�•�•�‹�G�›�•�Œ�G�z�Œ�›�P�O�m�•�•�‹�G�›�•�Œ�G�z�Œ�›�P�O�m�•�•�‹�G�›�•�Œ�G�z�Œ�›�P�G�G�G�G�s�Œ�›�G{ }1 2 3, , ,...A a a a= �ž�Œ�™�Œ�Gna �•�š�G�›�•�Œ�G�™�Œ�”�ˆ�•�•�‹�Œ�™�G�–�•�Gn �‹�•�•�•�‹�Œ�‹�G�‰� �G�G�G

�G�G�G�G�G�G�\�U�G�G�s�•�š�›�G�›�•�Œ�G�Œ�“�Œ�”�Œ�•�›�š�G�–�•�GA �U�G
�G

�_�U�G�G�G�O�p�•�›�Œ�™�Œ�š�›�•�•�Ž�P�G�G�O�p�•�›�Œ�™�Œ�š�›�•�•�Ž�P�G�G�O�p�•�›�Œ�™�Œ�š�›�•�•�Ž�P�G�G�O�p�•�›�Œ�™�Œ�š�›�•�•�Ž�P�G�G�p�•�G{ }, ,A a b c= �G�•�š�G ( )A P AÎ �f�G�G�G�p�š�G( )A P AÍ �f�G

�G
�`�U�G�G�O�w�O�w�O�w�O�w�–�ž�Œ�™�G�z�Œ�›�G�ˆ�š�G�ˆ�G�j�–�“�“�Œ�Š�›�•�–�•�G�–�•�G�m�œ�•�Š�›�•�–�•�š�–�ž�Œ�™�G�z�Œ�›�G�ˆ�š�G�ˆ�G�j�–�“�“�Œ�Š�›�•�–�•�G�–�•�G�m�œ�•�Š�›�•�–�•�š�–�ž�Œ�™�G�z�Œ�›�G�ˆ�š�G�ˆ�G�j�–�“�“�Œ�Š�›�•�–�•�G�–�•�G�m�œ�•�Š�›�•�–�•�š�–�ž�Œ�™�G�z�Œ�›�G�ˆ�š�G�ˆ�G�j�–�“�“�Œ�Š�›�•�–�•�G�–�•�G�m�œ�•�Š�›�•�–�•�š�P�P�P�P�G�G�G�{�•�Œ�G�—�–�ž�Œ�™�G�š�Œ�›�G�–�•�G�ˆ�G�š�Œ�›�G�Š�ˆ�•�G�‰�Œ�G
�•�•�›�Œ�™�—�™�Œ�›�Œ�‹�G�ˆ�š�G�›�•�Œ�G�š�Œ�›�G�–�•�G�ˆ�“�“�G�•�œ�•�Š�›�•�–�•�š�^�G�‹�Œ�•�•�•�Œ�‹�G�–�•�G�›�•�Œ�G�š�Œ�›�G�ž�•�–�š�Œ�G�•�ˆ�“�œ�Œ�š�G�ˆ�™�Œ�G�W�G

�ˆ�•�‹�G�X�U�G�G�m�–�™�G�Œ�Ÿ�ˆ�”�—�“�Œ�S�G�›�•�Œ�G�•�œ�•�Š�›�•�–�•�š�G�‹�Œ�•�•�•�Œ�‹�G�–�•�G{ },A a b= �ž�•�›�•�G�•�ˆ�“�œ�Œ�š�G�W�G�ˆ�•�‹�G�X�G�ˆ�™�Œ�G

�G
�2�G�G�G( ) 0, ( ) 0 corresponds to  f a f b= = Æ�G

�2�G�G�G { }( ) 0, ( ) 1  corresponds to f a f b b= = �G

�2�G�G�G { }( ) 1, ( ) 0  corresponds to f a f b a= = �G

                                                 
�^�G�h�“�›�•�–�œ�Ž�•�G�ž�Œ�G�•�ˆ�•�Œ�•�Å�›�G�•�•�›�™�–�‹�œ�Š�Œ�‹�G�•�œ�•�Š�›�•�–�•�š�G� �Œ�›�G�•�•�G�›�•�•�š�G�‰�–�–�’�S�G�ž�Œ�G�ˆ�™�Œ�G�š�œ�™�Œ�G�”�–�š�›�G�™�Œ�ˆ�‹�Œ�™�š�G�•�ˆ�•�Œ�G
�•�ˆ�”�•�“�•�ˆ�™�•�›� �G�ž�•�›�•�G�›�•�Œ�G�š�œ�‰�‘�Œ�Š�›�U�G�G
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�2�G { }( ) 1, ( ) 1  corresponds to ,f a f b a b= = �G

�G

�z�•�–�ž�G�›�•�ˆ�›�G�›�•�Œ�G�Œ�“�Œ�”�Œ�•�›�š�G�–�•�G�›�•�Œ�G�—�–�ž�Œ�™�G�š�Œ�›�G�–�•�G{ }, ,A a b c= �Š�ˆ�•�G�‰�Œ�G�—�“�ˆ�Š�Œ�‹�G�•�•�G

�›�•�•�š�G �–�•�Œ�T�›�–�T�–�•�Œ�G �Š�–�™�™�Œ�š�—�–�•�‹�Œ�•�Š�Œ�G �ž�•�›�•�G �›�•�Œ�G �•�œ�•�Š�›�•�–�•�š�G �–�•�GA �G �ž�•�–�š�Œ�G �•�ˆ�“�œ�Œ�š�G �ˆ�™�Œ�G
�Œ�•�›�•�Œ�™�G�W�G�–�™�G�X�U�G�G

�G
�X�W�U�G �G �G �O�z�Œ�Š�–�•�‹�G �w�–�ž�Œ�™�G �z�Œ�›�P�O�z�Œ�Š�–�•�‹�G �w�–�ž�Œ�™�G �z�Œ�›�P�O�z�Œ�Š�–�•�‹�G �w�–�ž�Œ�™�G �z�Œ�›�P�O�z�Œ�Š�–�•�‹�G �w�–�ž�Œ�™�G �z�Œ�›�P�G �G �G �{�•�Œ�G �š�Œ�Š�–�•�‹�G �—�–�ž�Œ�™�G �š�Œ�›�G �–�•�G �ˆ�G �š�Œ�›�GA �G �•�š�G �›�•�Œ�G �š�Œ�›�G �–�•�G

�š�œ�‰�š�Œ�›�š�G �–�•�G �›�•�Œ�G �š�Œ�›�G �–�•�G �š�œ�‰�š�Œ�›�š�G �–�•�G �›�•�Œ�G �š�Œ�›�S�G �–�™�G( )( )P P A �U�G �G �~�•�ˆ�›�G �•�š�G �›�•�Œ�G �š�Œ�Š�–�•�‹�G

�—�–�ž�Œ�™�G�š�Œ�›�G�–�•�G{ },A a b= �f�G

�G
�X�X�U�G�G�G�G�G�G�G�G�O�h�Ÿ�•�–�”�G�–�•�G�z�Œ�›�š�P�O�h�Ÿ�•�–�”�G�–�•�G�z�Œ�›�š�P�O�h�Ÿ�•�–�”�G�–�•�G�z�Œ�›�š�P�O�h�Ÿ�•�–�”�G�–�•�G�z�Œ�›�š�P�G�G�p�•�G�›�•�Œ�G�•�Œ�™�”�Œ�“�–�•�Œ�™�”�Œ�“�–�•�Œ�™�”�Œ�“�–�•�Œ�™�”�Œ�“�–�T�T�T�T�m�™�ˆ�Œ�•�’�Œ�“�m�™�ˆ�Œ�•�’�Œ�“�m�™�ˆ�Œ�•�’�Œ�“�m�™�ˆ�Œ�•�’�Œ�“�G�ˆ�Ÿ�•�–�”�š�G�–�•�G�š�Œ�›�G�›�•�Œ�–�™� �S�G�›�•�Œ�G�h�Ÿ�•�–�”�G
�–�•�G�w�–�ž�Œ�™�G�z�Œ�›�š�G�š�›�ˆ�›�Œ�š�G
�G

�G�G�G�G�G�G�G( ) ( )( ) ( )( )( ) ( )A P A B B P A C C B C A" $ " Î Û " Î � Î� �� � �G

�G
�ž�•�Œ�™�Œ�G, ,A B C�ˆ�™�Œ�G�š�Œ�›�š�U�G�G�z�›�ˆ�›�Œ�G�›�•�•�š�G�ˆ�Ÿ�•�–�”�G�–�•�G�l�•�Ž�“�•�š�•�U�G

�G
�X�Y�U�G �G �G �O�{�•�Œ�G �t�ˆ�•�G �~�•�–�G �j�–�•�š�›�™�œ�Š�›�Œ�‹�G �z�–�”�Œ�›�•�•�•�Ž�G �•�™�–�”�G �u�–�›�•�•�•�Ž�P�O�{�•�Œ�G �t�ˆ�•�G �~�•�–�G �j�–�•�š�›�™�œ�Š�›�Œ�‹�G �z�–�”�Œ�›�•�•�•�Ž�G �•�™�–�”�G �u�–�›�•�•�•�Ž�P�O�{�•�Œ�G �t�ˆ�•�G �~�•�–�G �j�–�•�š�›�™�œ�Š�›�Œ�‹�G �z�–�”�Œ�›�•�•�•�Ž�G �•�™�–�”�G �u�–�›�•�•�•�Ž�P�O�{�•�Œ�G �t�ˆ�•�G �~�•�–�G �j�–�•�š�›�™�œ�Š�›�Œ�‹�G �z�–�”�Œ�›�•�•�•�Ž�G �•�™�–�”�G �u�–�›�•�•�•�Ž�P�G �G �G�{�•�Œ�G �n�Œ�™�”�ˆ�•�G
�”�ˆ�›�•�Œ�”�ˆ�›�•�Š�•�ˆ�•�G�s�Œ�–�—�–�“�‹�G�r�™�–�•�Œ�Š�’�Œ�™�G�–�•�Š�Œ�G�š�ˆ�•�‹�S�G�È�n�–�‹�G�Š�™�Œ�ˆ�›�Œ�‹�G�›�•�Œ�G�•�•�›�Œ�Ž�Œ�™�š�G�ˆ�•�‹�G�ˆ�“�“�G
�Œ�“�š�Œ�G �•�š�G �›�•�Œ�G �ž�–�™�’�G �–�•�G �”�ˆ�•�U�É�G �G �G �i�œ�›�G �“�–�Ž�•�Š�•�ˆ�•�š�G �“�•�’�Œ�G �›�–�G �š�ˆ� �G �›�•�ˆ�›�G �›�•�Œ� �G �Š�™�Œ�ˆ�›�Œ�‹�G �›�•�Œ�G
�•�•�›�Œ�Ž�Œ�™�š�U�G �G �{�•�Œ�G �n�Œ�™�”�ˆ�•�G �“�–�Ž�•�Š�•�ˆ�•�G �n�–�›�›�“�•�Œ�‰�G �m�™�Œ�Ž�Œ�G �‹�Œ�•�•�•�Œ�‹�G �›�•�Œ�G �•�•�›�Œ�Ž�Œ�™�š�G �•�™�–�”�G
�•�–�›�•�•�•�Ž�b�G �•�U�Œ�U�G �œ�š�•�•�Ž�G �–�•�“� �G �›�•�Œ�G�Œ�”�—�›� �G �š�Œ�›�H�G �G �G �o�–�ž�G �‹�•�‹�G �•�Œ�G �‹�–�G �•�›�f�G �G �o�Œ�G �‹�Œ�•�•�•�Œ�‹�G
�™�Œ�Š�œ�™�š�•�•�Œ�“� �a�G
�G

�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G

{ } { }{ }
{ } { }{ }{ }
{ } { }{ }{ }{ }

0

1 0

2 1

3 2

= Æ

= = Æ

= = Æ

= = Æ

			 			

�G�G

�G
�ˆ�•�‹�G�š�–�G�–�•�U�G�G�G�z�•�–�ž�G�›�•�ˆ�›�G�•�•�G�r�™�–�•�Œ�Š�’�Œ�™�Å�š�G�š� �š�›�Œ�”�G2 3Î �G�‰�œ�›�G2 4Ï �U�G�G�h�•� �G�›�•�–�œ�Ž�•�›�š�G�–�•�G
�•�–�ž�G�–�•�Œ�G�ž�–�œ�“�‹�G�Š�–�•�š�›�™�œ�Š�›�G�ˆ�•�G�È�ˆ�™�•�›�•�”�Œ�›�•�Š�É�G�œ�š�•�•�Ž�G�›�•�•�š�G�‹�Œ�•�•�•�•�›�•�–�•�U�G�G�o�–�ž�G�ž�–�œ�“�‹�G� �–�œ�G
�‹�Œ�•�•�•�Œ�G�È�X�G�R�G�X�É�G�š�–�G� �–�œ�G�ž�–�œ�“�‹�G�Ž�Œ�›�G�Y�f�G�G�~�•�ˆ�›�G�ˆ�‰�–�œ�›�G�È�X�G�R�G�Z�É�f�G
�G

�G�G�G�G�X�Z�U�G�G�s�Œ�›�G,  and A B C �G�‰�Œ�G�ˆ�™�‰�•�›�™�ˆ�™� �G�š�œ�‰�š�Œ�›�š�G�–�•�G�ˆ�G�œ�•�•�•�Œ�™�š�Œ�GU �U�G�G�w�™�–�•�Œ�G�›�•�Œ�G�•�–�“�“�–�ž�•�•�Ž�U�G

�G
�ˆ�P�G�G�GA AÍ �G
�‰�P�G�G�GA AÈÆ = �G
�Š�P�G�G�GAÇÆ = Æ�G

�‹�P�G�G�GUÆ = �G
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�Œ�P�G�G�G  iff  .A B A B UÍ È = �G
�•�P�G�G�GA U AÇ = �G

�Ž�P�G�GA AÇ = Æ�G
�•�P�G�GA B A B BÍ � È = �G
�•�P�G�GA A A AÈ = Ç �G

�‘�P�G�G�GA A= �G
�G
�X�[�U�U�G�G�G�O�m�•�•�‹�G�›�•�Œ�G�z�Œ�›�š�P�G�G�G�O�m�•�•�‹�G�›�•�Œ�G�z�Œ�›�š�P�G�G�G�O�m�•�•�‹�G�›�•�Œ�G�z�Œ�›�š�P�G�G�G�O�m�•�•�‹�G�›�•�Œ�G�z�Œ�›�š�P�G�G�G�s�Œ�›�G�›�•�Œ�G�•�ˆ�›�œ�™�ˆ�“�G�•�œ�”�‰�Œ�™�š�G� �‰�Œ�G�›�•�Œ�G�œ�•�•�•�Œ�™�š�ˆ�“�G�š�Œ�›�G�ˆ�•�‹�G

{ }2,4,6,...E = �S�G { }1,3,5,...O = �S�G { }5,10,15,...F = �S�G { }2,3,5,7,11,...P = �G�O�—�™�•�”�Œ�G

�•�œ�”�‰�Œ�™�š�P�U�G�G�G�m�•�•�‹�G�›�•�Œ�G�•�–�“�“�–�ž�•�•�Ž�U�G�G
�G
�ˆ�P�GE OÇ �G

�‰�P�GE FÈ �G

�Š�P�GE FÈ �G

�‹�P�G( )P F EÇ È �G

�Œ�P�G( )E O PÈ Ç �G

�•�P�G( )O E PÇ È �G

�G�G
�G�G

�X�\�U�G�G�G�G�G�G�G�G�G�G�G�G�O�z� �”�”�Œ�›�™�•�Š�G�k�•�•�•�Œ�™�Œ�•�Š�Œ�P�O�z� �”�”�Œ�›�™�•�Š�G�k�•�•�•�Œ�™�Œ�•�Š�Œ�P�O�z� �”�”�Œ�›�™�•�Š�G�k�•�•�•�Œ�™�Œ�•�Š�Œ�P�O�z� �”�”�Œ�›�™�•�Š�G�k�•�•�•�Œ�™�Œ�•�Š�Œ�P�G�G�{�•�Œ�G�š� �”�”�Œ�›�™�•�Š�G�‹�•�•�•�Œ�š� �”�”�Œ�›�™�•�Š�G�‹�•�•�•�Œ�š� �”�”�Œ�›�™�•�Š�G�‹�•�•�•�Œ�š� �”�”�Œ�›�™�•�Š�G�‹�•�•�•�Œ�™�Œ�•�Š�Œ�™�Œ�•�Š�Œ�™�Œ�•�Š�Œ�™�Œ�•�Š�Œ�G�›�–�G�›�ž�–�G�š�Œ�›�š�GA �G�ˆ�•�‹�GB �G�•�š�G
�›�•�Œ�G�š�Œ�›�G�–�•�G�Œ�“�Œ�”�Œ�•�›�š�G�›�•�ˆ�›�G�‰�Œ�“�–�•�Ž�G�›�–�G�–�•�Œ�G�–�•�G�›�•�Œ�G�š�Œ�›�š�G�‰�œ�›�G�•�–�›�G�‰�–�›�•�G�ˆ�•�‹�G�•�š�G�‹�Œ�•�–�›�Œ�‹�G�‰� �G�G
�G

�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G( ) ( )A B A B B AD = - È - �U�G

�G
�z�Œ�Œ�G�m�•�Ž�œ�™�Œ�G�[�U�G

�G
A BD �G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G

�m�•�Ž�œ�™�Œ�G�[�G
�G
�z�•�–�ž�G�›�•�Œ�G�•�–�“�“�–�ž�•�•�Ž�U�G�G�G�k�™�ˆ�ž�G�}�Œ�•�•�G�‹�•�ˆ�Ž�™�ˆ�”�š�G�›�–�G�•�“�“�œ�š�›�™�ˆ�›�Œ�G� �–�œ�™�G�—�™�–�–�•�U�G�G
�G

�ˆ�P�G A B B AD = D �G

�‰�P�G ( ) ( )A B C A B CD D = D D �G

�Š�P�G ( ) ( )A B A B A BÈ = D D È �G

�‹�P�G A B A B A BÇ = Æ Û D = È �G

�G
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�X�]�U�G�G�G�O�k�•�•�•�Œ�™�Œ�•�Š�Œ�G�w�™�–�‰�“�Œ�”�š�P�G�G�G�O�k�•�•�•�Œ�™�Œ�•�Š�Œ�G�w�™�–�‰�“�Œ�”�š�P�G�G�G�O�k�•�•�•�Œ�™�Œ�•�Š�Œ�G�w�™�–�‰�“�Œ�”�š�P�G�G�G�O�k�•�•�•�Œ�™�Œ�•�Š�Œ�G�w�™�–�‰�“�Œ�”�š�P�G�G�z�•�”�—�“�•�•� �G�›�•�Œ�G�•�–�“�“�–�ž�•�•�Ž�U�G
�G

�ˆ�P�G ( )A B C- - �G

�‰�P�G ( )( )A B C D- - È �G

�Š�P�G ( )( )A B C D- - - �G

�‹�P�G ( )A B CÇ È �G

�G�G
�X�^�U�G�G�G�G�O�O�O�O�u�h�z�j�G�•�–�™�G�k�•�š�‘�–�•�•�›�G�z�Œ�›�š�u�h�z�j�G�•�–�™�G�k�•�š�‘�–�•�•�›�G�z�Œ�›�š�u�h�z�j�G�•�–�™�G�k�•�š�‘�–�•�•�›�G�z�Œ�›�š�u�h�z�j�G�•�–�™�G�k�•�š�‘�–�•�•�›�G�z�Œ�›�š�P�P�P�P�G�G�w�™�–�•�Œ�G�›�•�ˆ�›�G�ˆ�G�•�Œ�Š�Œ�š�š�ˆ�™� �G�ˆ�•�‹�G�š�œ�•�•�•�Š�•�Œ�•�›�G�Š�–�•�‹�•�›�•�–�•�G
�•�–�™�G and A B�G�›�–�G�‰�Œ�G�‹�•�š�‘�–�•�•�›�G�•�š A B A- = �U�G
�G �G
�X�_�U�G�G�G�k�•�š�›�™�•�‰�œ�›�•�•�Œ�G�s�ˆ�ž�k�•�š�›�™�•�‰�œ�›�•�•�Œ�G�s�ˆ�ž�k�•�š�›�™�•�‰�œ�›�•�•�Œ�G�s�ˆ�ž�k�•�š�›�™�•�‰�œ�›�•�•�Œ�G�s�ˆ�ž�G�G�G�w�™�–�•�Œ�G�›�•�ˆ�›�G�•�•�G�h�S�i�G�ˆ�•�‹�G�j�G�ˆ�™�Œ�G�š�Œ�›�š�S�G�›�•�Œ�•�G" "È �‹�•�š�›�™�•�‰�œ�›�Œ�š�G
�–�•�Œ�™�G" "Ç �U�G�G�{�•�ˆ�›�G�•�š�G
�G

�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G( ) ( ) ( )A B C A B A CÈ Ç = È Ç È �U�G

�G

�X�`�U�G �G�G �G�G �G�G �G �O�}�Œ�•�•�G �k�•�ˆ�Ž�™�ˆ�”�P�O�}�Œ�•�•�G �k�•�ˆ�Ž�™�ˆ�”�P�O�}�Œ�•�•�G �k�•�ˆ�Ž�™�ˆ�”�P�O�}�Œ�•�•�G �k�•�ˆ�Ž�™�ˆ�”�P�G �w�™�–�•�ŒA B A BÍ Û Ç = Æ �G �ˆ�•�‹�G �•�“�“�œ�š�›�™�ˆ�›�Œ�G �›�•�Œ�G �—�™�–�–�•�G �ž�•�›�•�G �ˆ�G
�}�Œ�•�•�G�‹�•�ˆ�Ž�™�ˆ�”�U�G

�G

�Y�W�U�G�G�G�G�G�G�G�G�G�G�G�G�G�G�O�}�Œ�•�•�G�k�•�ˆ�Ž�™�ˆ�”�P�G�G�O�}�Œ�•�•�G�k�•�ˆ�Ž�™�ˆ�”�P�G�G�O�}�Œ�•�•�G�k�•�ˆ�Ž�™�ˆ�”�P�G�G�O�}�Œ�•�•�G�k�•�ˆ�Ž�™�ˆ�”�P�G�w�™�–�•�Œ�GA B A B= Û = �G�ˆ�•�‹�G�•�“�“�œ�š�›�™�ˆ�›�Œ�G�›�•�Œ�G�—�™�–�–�•�G�ž�•�›�•�G�ˆ�G�}�Œ�•�•�G
�‹�•�ˆ�Ž�™�ˆ�”�U�G

�G
�Y�X�U�G�G�G�G�G�G�G�G�O�k�Œ�G�t�–�™�Ž�ˆ�•�Å�š�G�s�ˆ�ž�P�O�k�Œ�G�t�–�™�Ž�ˆ�•�Å�š�G�s�ˆ�ž�P�O�k�Œ�G�t�–�™�Ž�ˆ�•�Å�š�G�s�ˆ�ž�P�O�k�Œ�G�t�–�™�Ž�ˆ�•�Å�š�G�s�ˆ�ž�P�G�G�w�™�–�•�Œ�G�k�Œ�G�t�–�™�Ž�ˆ�•�Å�š�G�s�ˆ�ž�G
�G

�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�GA B A BÇ = È �U�G
�G

�Y�Y�U�G �G�G �G�G �G�G �G �O�O�O�O�z�Œ�›�š�G �ˆ�•�‹�G�z�Œ�›�š�G �ˆ�•�‹�G�z�Œ�›�š�G �ˆ�•�‹�G�z�Œ�›�š�G �ˆ�•�‹�G �h�™�•�›�•�”�Œ�›�•�Š�P�h�™�•�›�•�”�Œ�›�•�Š�P�h�™�•�›�•�”�Œ�›�•�Š�P�h�™�•�›�•�”�Œ�›�•�Š�P�G �G �j�–�”�—�ˆ�™�Œ�G �›�•�Œ�G �š�Œ�›�G �–�—�Œ�™�ˆ�›�•�–�•�š�G �–�•�G �œ�•�•�–�•�S�G �•�•�›�Œ�™�š�Œ�Š�›�•�–�•�S�G
�ˆ�•�‹�G �š�œ�‰�›�™�ˆ�Š�›�•�–�•�G �ž�•�›�•�G �›�•�Œ�G �ˆ�™�•�›�•�”�Œ�›�•�Š�G �–�—�Œ�™�ˆ�›�•�–�•�š�G �–�•�G �ˆ�‹�‹�•�›�•�–�•�S�G �”�œ�“�›�•�—�“�•�Š�ˆ�›�•�–�•�G �ˆ�•�‹�G
�š�œ�‰�›�™�ˆ�Š�›�•�–�•�š�G�–�•�G�•�œ�”�‰�Œ�™�š�U�G�G�p�•�G�ž�•�ˆ�›�G�ž�ˆ� �š�G�ˆ�™�Œ�G�›�•�Œ� �G�š�•�”�•�“�ˆ�™�f�G�G�p�•�G�ž�•�ˆ�›�G�ž�ˆ� �š�G�ˆ�™�Œ�G�›�•�Œ� �G
�‹�•�•�•�Œ�™�Œ�•�›�f�G

�G�G�G�G
�Y�Z�U�G�G�G�G�G�G�G�G�G�O�z�Œ�›�š�G�ˆ�•�‹�G�z�Œ�•�›�Œ�•�›�•�ˆ�“�G�s�–�Ž�•�Š�P�G�O�z�Œ�›�š�G�ˆ�•�‹�G�z�Œ�•�›�Œ�•�›�•�ˆ�“�G�s�–�Ž�•�Š�P�G�O�z�Œ�›�š�G�ˆ�•�‹�G�z�Œ�•�›�Œ�•�›�•�ˆ�“�G�s�–�Ž�•�Š�P�G�O�z�Œ�›�š�G�ˆ�•�‹�G�z�Œ�•�›�Œ�•�›�•�ˆ�“�G�s�–�Ž�•�Š�P�G�G�j�–�”�—�ˆ�™�Œ�G�›�•�Œ�G�š�Œ�›�G�–�—�Œ�™�ˆ�›�•�–�•�š�G�–�•�G, ,Ç È - �G�ž�•�›�•�G�›�•�Œ�G

�š�Œ�•�›�Œ�•�›�•�ˆ�“�G�“�–�Ž�•�Š�G�–�—�Œ�™�ˆ�›�•�–�•�š�G�–�•�G, ,Ù Ú � �U�G�G�p�•�G�ž�•�ˆ�›�G�ž�ˆ� �š�G�ˆ�™�Œ�G�›�•�Œ� �G�š�•�”�•�“�ˆ�™�f�G�G�p�•�G�ž�•�ˆ�›�G

�ž�ˆ� �š�G�ˆ�™�Œ�G�›�•�Œ� �G�‹�•�•�•�Œ�™�Œ�•�›�f�G
�G�G�G
�Y�[�U�G �G �O�j�–�”�—�œ�›�Œ�™�G �y�Œ�—�™�Œ�š�Œ�•�›�ˆ�›�•�–�•�G �–�•�G �z�Œ�›�š�P�O�j�–�”�—�œ�›�Œ�™�G �y�Œ�—�™�Œ�š�Œ�•�›�ˆ�›�•�–�•�G �–�•�G �z�Œ�›�š�P�O�j�–�”�—�œ�›�Œ�™�G �y�Œ�—�™�Œ�š�Œ�•�›�ˆ�›�•�–�•�G �–�•�G �z�Œ�›�š�P�O�j�–�”�—�œ�›�Œ�™�G �y�Œ�—�™�Œ�š�Œ�•�›�ˆ�›�•�–�•�G �–�•�G �z�Œ�›�š�P�G �G �G �m�•�•�•�›�Œ�G �š�Œ�›�š�G �Š�ˆ�•�G �‰�Œ�G �™�Œ�—�™�Œ�š�Œ�•�›�Œ�‹�G
�Œ�•�•�•�Š�•�Œ�•�›�“� �G�‰� �G�•�Œ�Š�›�–�™�š�G�–�•�G�W�š�G�ˆ�•�‹�G�X�U�G�G�m�–�™�G�Œ�Ÿ�ˆ�”�—�“�Œ�G�š�œ�—�—�–�š�Œ�G�ž�Œ�G�ˆ�™�Œ�G�•�•�›�Œ�™�Œ�š�›�Œ�‹�G�•�•�G

�š�œ�‰�š�Œ�›�š�G �–�•�G �ˆ�G �•�•�•�•�›�Œ�G �œ�•�•�•�Œ�™�š�Œ�G{ }0,1,2,3,4,5,6,7U = �U�G �~�Œ�G �™�Œ�—�™�Œ�š�Œ�•�›�G �ˆ�G �š�œ�‰�š�Œ�›�G

�“�•�’�Œ { }2,3,6A = �G �ˆ�š�G �ˆ�G �•�Œ�Š�›�–�™�G �–�•�G �W�š�G �ˆ�•�‹�G �X�Å�š�G �ž�•�›�•�G �X�Å�š�G �•�•�G �›�•�Œ�G �Y�•�‹�S�G �Z�™�‹�S�G �ˆ�•�‹�G �]�›�•�G

�—�–�š�•�›�•�–�•�š�S�G�ˆ�•�‹�G�¡�Œ�™�–�š�G�Œ�“�š�Œ�ž�•�Œ�™�Œ�U�G�G�{�•�ˆ�›�G�•�š�G�W�X�X�W�W�X�W�U�G�G�G�p�•�G�›�•�Œ�G�•�–�“�“�–�ž�•�•�Ž�G�—�™�–�‰�“�Œ�”�š�S�G
�•�•�G�ˆ�G�š�Œ�›A UÍ �G�•�š�G�—�™�–�•�•�‹�Œ�‹�S�G�•�•�•�‹�G�›�•�Œ�G�‰�•�•�ˆ�™� �G�•�Œ�Š�›�–�™�G�Š�–�™�™�Œ�š�—�–�•�‹�•�•�Ž�G�›�–�G�›�•�Œ�G�š�Œ�›�b�G�•�•�G�ˆ�G
�‰�•�•�ˆ�™� �G�•�Œ�Š�›�–�™�G�•�š�G�Ž�•�•�Œ�•�S�G�•�•�•�‹�G�›�•�Œ�G�Š�–�™�™�Œ�š�—�–�•�‹�•�•�Ž�G�š�œ�‰�š�Œ�›�G�–�•�G.U �G�G�G�G
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�G
�ˆ�P�G�G�X�W�W�X�X�X�X�G
�‰�P�G�G�W�W�W�W�W�W�W�G
�Š�P�G�G�X�X�X�X�X�X�X�G

�‹�P�G�G{ }1,5,7 �G

�Œ�P�GU �G

�•�P�G�G�X�W�W�W�X�X�X�G�R�G�X�X�W�W�W�W�W�G�G�G�O�ˆ�š�š�œ�”�Œ�G�X�R�X�G�d�G�X�P�G�G

�Ž�P�G�G�G�W�W�W�W�W�W�X�G�R�G�X�X�X�W�W�W�W�G

�G

�Y�\�U�G�G�O�O�O�O�t� �š�›�Œ�™� �G�t� �š�›�Œ�™� �G�t� �š�›�Œ�™� �G�t� �š�›�Œ�™� �G�z�Œ�›�P�z�Œ�›�P�z�Œ�›�P�z�Œ�›�P�G�G�G�h�G�š�Œ�›�GA �Š�–�•�š�•�š�›�š�G�–�•�G�•�•�›�Œ�Ž�Œ�™�š�G�‹�•�•�•�š�•�‰�“�Œ�G�‰� �G�\�G�ˆ�•�‹�G�G�ˆ�G�š�Œ�›�G

B �Š�–�•�š�•�š�›�š�G �–�•�G �›�•�–�š�Œ�G �•�•�›�Œ�Ž�Œ�™�š�G �‹�•�•�•�š�•�‰�“�Œ�G �‰� �G �Z�S�G �ˆ�•�‹�G �ˆ�G �š�Œ�›�GC �G �Š�–�•�š�•�š�›�š�G �–�•�G

�•�•�›�Œ�Ž�Œ�™�š�G�›�•�ˆ�›�G�ˆ�™�Œ�G�ˆ�G�”�œ�“�›�•�—�“�Œ�G�–�•�G�[�U�G�G�G�~�•�ˆ�›�G�•�š�G�›�•�Œ�G�š�Œ�›�f�G

�G

�G


