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�t�ˆ�™�Ž�•�•�G�u�–�›�Œ�a�G�G�t�ˆ�™�Ž�•�•�G�u�–�›�Œ�a�G�G�t�ˆ�™�Ž�•�•�G�u�–�›�Œ�a�G�G�t�ˆ�™�Ž�•�•�G�u�–�›�Œ�a�G�G�G�G�G�G
�2�G�G�•�•�‹�•�•�•�‹�œ�ˆ�“�G�Œ�“�Œ�”�Œ�•�›�š�G�–�•�G�š�Œ�›�š�G�ˆ�™�Œ�G�‹�Œ�•�–�›�Œ�‹�G�‰� �G�š�”�ˆ�“�“�G�“�Œ�›�›�Œ�™�š�G, , , ,...x y a b �G

�2�G�G�š�Œ�›�š�G�ˆ�™�Œ�G�‹�Œ�•�–�›�Œ�‹�G�Š�ˆ�—�•�›�ˆ�“�G�“�Œ�›�›�Œ�™�š�G, , ,...A B C �G

�2�G�G�•�ˆ�”�•�“�•�Œ�š�G�–�•�G�š�Œ�›�š�G�ˆ�™�Œ�G�‹�Œ�•�–�›�Œ�‹�G�‰� �G�š�Š�™�•�—�›�G�“�Œ�›�›�Œ�™�š�G�G� �S�G� �S�G� �S�G�Î�G�G
�G

�G�G�G�G�l�Ÿ�ˆ�”�—�“�Œ�G�l�Ÿ�ˆ�”�—�“�Œ�G�l�Ÿ�ˆ�”�—�“�Œ�G�l�Ÿ�ˆ�”�—�“�Œ�G�Z�G�Z�G�Z�G�Z�G�G�O�p�•�‹�Œ�Ÿ�Œ�‹�G�m�ˆ�”�•�“� �P�G�G�O�p�•�‹�Œ�Ÿ�Œ�‹�G�m�ˆ�”�•�“� �P�G�G�O�p�•�‹�Œ�Ÿ�Œ�‹�G�m�ˆ�”�•�“� �P�G�G�O�p�•�‹�Œ�Ÿ�Œ�‹�G�m�ˆ�”�•�“� �P�G�G�G�p�•�G{ }1, 2, ,2nA n n n= + + � �G�•�–�™�G�Œ�ˆ�Š�•�G�•�ˆ�›�œ�™�ˆ�“�G

�•�œ�”�‰�Œ�™�Gn NÎ �S�G�›�•�Œ�•�G�G
�G

�G�G�G�G�G{ }
1

: 2k
k

A n N n
¥

=

= Î ³� �G�G

�G�G�G�G�G
1

k
k

A
¥

=

= Æ� �G

�G
�l�Ÿ�ˆ�”�—�“�Œ�G�l�Ÿ�ˆ�”�—�“�Œ�G�l�Ÿ�ˆ�”�—�“�Œ�G�l�Ÿ�ˆ�”�—�“�Œ�G�[�[�[�[�G�O�G�O�G�O�G�O�p�•�‹�Œ�Ÿ�Œ�‹�G�p�•�‹�Œ�Ÿ�Œ�‹�G�p�•�‹�Œ�Ÿ�Œ�‹�G�p�•�‹�Œ�Ÿ�Œ�‹�G�m�ˆ�”�•�“� �P�m�ˆ�”�•�“� �P�m�ˆ�”�•�“� �P�m�ˆ�”�•�“� �P�G�G�G�G
�G�G�G�G

�G�G�G�G �m�•�•�‹�G �›�•�Œ�G �•�–�“�“�–�ž�•�•�Ž�G �•�•�•�•�•�•�›�Œ�G �•�•�›�Œ�™�š�Œ�Š�›�•�–�•�š�G �–�•�G �›�•�Œ�G �–�—�Œ�•�G( ),a a- �G �ˆ�•�‹�G �Š�“�–�š�Œ�‹�G

�•�•�›�Œ�™�•�ˆ�“�š�G[ ],a a- �G�ž�•�Œ�™�Œ�G�›�•�Œ�G�•�•�‹�Œ�Ÿ�Ga �G�™�ˆ�•�Ž�Œ�š�G�–�•�Œ�™�G�›�•�Œ�G�™�Œ�ˆ�“�G�•�œ�”�‰�Œ�™�š�G� �U�G

�G

�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G( ),
a

a a
Î

-
�

� �G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G[ ],
a

a a
Î

-
�

� �U�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G

�z�–�“�œ�›�•�–�•�z�–�“�œ�›�•�–�•�z�–�“�œ�›�•�–�•�z�–�“�œ�›�•�–�•�G�G�G�G
�G�G�G�G�G�G�G�G�p�•�G�‰�–�›�•�G�Š�ˆ�š�Œ�š�G�•�–�™�G�ˆ�•� �G0x ¹ �G�›�•�Œ�™�Œ�G�Œ�Ÿ�•�š�›�š�G�ˆ�G�™�Œ�ˆ�“�G�•�œ�”�‰�Œ�™�Ga Î � �G�š�œ�•�•�•�Š�•�Œ�•�›�“� �G
�“�ˆ�™�Ž�Œ�G �š�–�G �›�•�ˆ�›�Gx AaÏ �U�G �G �{�•�œ�š�G �ˆ�•� 0x ¹ �G �ž�•�“�“�G�•�–�›�G �“�•�Œ�G �•�•�G �Œ�•�›�•�Œ�™�G �•�•�›�Œ�™�š�Œ�Š�›�•�–�•�U�G �G �i�œ�›�G

0x = �G�‰�Œ�“�–�•�Ž�š�G�›�–�G�‰�–�›�•�G( ),a a- �G�ˆ�•�‹�G[ ],a a- �G�•�–�™�G�ˆ�•� �G�G�™�Œ�ˆ�“�G�•�œ�”�‰�Œ�™�Ga Î � �U�G�G�o�Œ�•�Š�Œ�S�G

�ž�Œ�G�Š�–�•�Š�“�œ�‹�Œ�G�W�G�‰�Œ�“�–�•�Ž�š�G�›�–�G�‰�–�›�•�G�•�•�›�Œ�™�š�Œ�Š�›�•�–�•�š�S�G�ˆ�•�‹�G�š�–�G�G
�G

�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G( ) { } [ ] { }, 0 , 0
a a

a a a a
Î Î

- = - =
� �

� � �G�G�G�G�G�G�G�G�G�G�G�G�G

�G
�l�Ÿ�ˆ�”�—�“�Œ�G�l�Ÿ�ˆ�”�—�“�Œ�G�l�Ÿ�ˆ�”�—�“�Œ�G�l�Ÿ�ˆ�”�—�“�Œ�G�\�\�\�\�G�O�G�O�G�O�G�O�z�Œ�›�G�z�Œ�›�G�z�Œ�›�G�z�Œ�›�G�w�™�–�‘�Œ�Š�›�•�–�•�P�w�™�–�‘�Œ�Š�›�•�–�•�P�w�™�–�‘�Œ�Š�›�•�–�•�P�w�™�–�‘�Œ�Š�›�•�–�•�P�G�G

�G

�G �s�Œ�›�G ( ){ }, : ,S x y x yÍ ´ = Î� � � �G �‰�Œ�G �ˆ�•�G �ˆ�™�‰�•�›�™�ˆ�™� �G �š�œ�‰�š�Œ�›�G �–�•�G �›�•�Œ�G �j�ˆ�™�›�Œ�š�•�ˆ�•�G

�—�“�ˆ�•�Œ�G�ˆ�•�‹�G�‹�Œ�•�•�•�Œ�G�›�•�Œ�G�•�•�•�•�•�•�›�Œ�G�•�ˆ�”�•�“� �G{ }x x
A

Î �
�G�–�•�G�š�Œ�›�š�G�G

�G

�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G( ){ }: ,xA y x y S= Î Î� �G

�G

�ž�•�•�Š�•�G �™�Œ�—�™�Œ�š�Œ�•�›�š�G�•�–�™�G�ˆ�™�‰�•�›�™�ˆ�™� �GxÎ � �G �›�•�Œ�Gy �G �•�ˆ�“�œ�Œ�š�G�š�œ�Š�•�G �›�•�ˆ�›�G( ),x y SÎ �U�G �G�{�•�Œ�G

�œ�•�•�–�•�G x
x

A
Î �
� �G�–�•�G�›�•�•�š�G�•�ˆ�”�•�“� �G�•�š�G�›�•�Œ�G�—�™�–�‘�Œ�Š�›�•�–�•�G�–�•�G�›�•�Œ�G�š�Œ�›�GS �–�•�›�–�G�›�•�Œ�Gy �T�ˆ�Ÿ�•�š�U�G�G�G�z�Œ�Œ�G

�m�•�Ž�œ�™�Œ�G�Y�U�G�G
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�G�G�G�G

�G
�w�™�–�‘�Œ�Š�›�•�–�•�G�–�•�G�ˆ�G�z�Œ�›�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G

�m�•�Ž�œ�™�Œ�G�Y�G
�G
�l�Ÿ�›�Œ�•�‹�Œ�‹�G�s�ˆ�ž�š�l�Ÿ�›�Œ�•�‹�Œ�‹�G�s�ˆ�ž�š�l�Ÿ�›�Œ�•�‹�Œ�‹�G�s�ˆ�ž�š�l�Ÿ�›�Œ�•�‹�Œ�‹�G�s�ˆ�ž�š�G�•�–�™�G�z�Œ�›�š�G�•�–�™�G�z�Œ�›�š�G�•�–�™�G�z�Œ�›�š�G�•�–�™�G�z�Œ�›�š�G�G�G�G
�G�G�G�G
�G �t�ˆ�•� �G�“�ˆ�ž�š�G�–�•�G�•�•�›�Œ�™�š�Œ�Š�›�•�–�•�G�ˆ�•�‹�G�œ�•�•�–�•�G�–�•�G�š�Œ�›�š�G�Š�ˆ�•�G�‰�Œ�G�Œ�Ÿ�›�Œ�•�‹�Œ�‹�G�›�–�G�•�ˆ�”�•�“�•�Œ�š�G
�–�•�G�š�Œ�›�š�U�G�G�~�Œ�G�“�Œ�ˆ�•�Œ�G�”�–�š�›�G�–�•�G�›�•�Œ�š�Œ�G�—�™�–�–�•�š�G�“�Œ�•�›�G�›�–�G�›�•�Œ�G�™�Œ�ˆ�‹�Œ�™�U�G
�G

�G�G�G�G
�s�ˆ�ž�š�G�•�–�™�G�m�ˆ�”�•�“�•�Œ�š�s�ˆ�ž�š�G�•�–�™�G�m�ˆ�”�•�“�•�Œ�š�s�ˆ�ž�š�G�•�–�™�G�m�ˆ�”�•�“�•�Œ�š�s�ˆ�ž�š�G�•�–�™�G�m�ˆ�”�•�“�•�Œ�š�G�–�•�G�z�Œ�›�š�G�–�•�G�z�Œ�›�š�G�–�•�G�z�Œ�›�š�G�–�•�G�z�Œ�›�š�G�G�G�G
�G�G�G�G

)a �G�G�G ( )A B A Ba a
a aÎL ÎL

� 	
Ç = Ç
 �

� 

� � �G

�G

( ))b A B A Ba a
a aÎL ÎL

� 	
È = È
 �

� 

� � �G

�G

)c A Aa a
a aÎL ÎL

=� � �G�G�G�G�G�G�G�G�G�G�G�G�G�O�k�Œ�t�–�™�Ž�ˆ�•�Å�š�G�s�ˆ�ž�P�G

�G

�‹�P�G�G�G�GA Aa a
a aÎL ÎL

=� � �G�G�G�G�G�G�G�G�G�G�G�O�k�Œ�t�–�™�Ž�ˆ�•�Å�š�G�s�ˆ�ž�P�G

�G
�G
�w�™�–�–�•�G�–�•�G�‹�P�G�G�G�s�Œ�›�G�G

�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�Gx Aa
a ÎL

Î � �G

�G
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�o�Œ�•�Š�Œ�Gx Aa
a ÎL

Ï � �G�ˆ�•�‹�G�š�–�Gx AaÏ �G�•�–�™�G�ˆ�•� �Ga Î L �U�G�G�{�•�œ�š�Gx AaÎ �G�•�–�™�G�ˆ�“�“�Ga Î L �G�ˆ�•�‹�G

�›�•�œ�š�Gx Aa
a ÎL

Î � �U�G�G�G�o�Œ�•�Š�Œ�G

�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�GA Aa a
a aÎL ÎL

Í� � �U�G

�G
�{�•�Œ�G�—�™�–�–�•�G�›�•�Œ�G�–�›�•�Œ�™�G�ž�ˆ� �G�•�–�“�“�–�ž�š�G�ˆ�“�–�•�Ž�G�›�•�Œ�G�š�ˆ�”�Œ�G�“�•�•�Œ�š�G�ˆ�•�‹�G�•�š�G�“�Œ�•�›�G�›�–�G�›�•�Œ�G�™�Œ�ˆ�‹�Œ�™�U�G
�G
�k�Œ�•�•�•�•�•�Ž�G�{�–�—�–�“�–�Ž�•�Œ�š�G�–�•�G�ˆ�G�z�Œ�›�k�Œ�•�•�•�•�•�Ž�G�{�–�—�–�“�–�Ž�•�Œ�š�G�–�•�G�ˆ�G�z�Œ�›�k�Œ�•�•�•�•�•�Ž�G�{�–�—�–�“�–�Ž�•�Œ�š�G�–�•�G�ˆ�G�z�Œ�›�k�Œ�•�•�•�•�•�Ž�G�{�–�—�–�“�–�Ž�•�Œ�š�G�–�•�G�ˆ�G�z�Œ�›�G�G�G�G
�G �h�G�›�–�—�–�“�–�Ž� �G�–�•�G�ˆ�G�š�Œ�›�G�•�š�G�ˆ�G�•�ˆ�”�•�“� �G�–�•�G�š�œ�‰�š�Œ�›�š�G�–�•�G�ˆ�G�š�Œ�›�G�›�•�ˆ�›�G�›�•�ˆ�›�G�ˆ�“�“�–�ž�š�G�•�–�™�G�›�•�Œ�G
�š�›�œ�‹� �G �–�•�G �Š�–�•�•�Œ�™�Ž�Œ�•�Š�Œ�G �•�•�G �›�•�Œ�G �š�Œ�›�U�G �G �{�•�Œ�G �š�›�œ�‹� �G �–�•�G �›�–�—�–�“�–�Ž� �G �•�–�™�”�š�G �”�œ�Š�•�G �–�•�G �›�•�Œ�G
�‰�ˆ�š�•�š�G �–�•�G �”�ˆ�•� �G �ˆ�™�Œ�ˆ�š�G �–�•�G �”�–�‹�Œ�™�•�G �”�ˆ�›�•�Œ�”�ˆ�›�•�Š�š�S�G �š�œ�Š�•�G �ˆ�š�G�™�Œ�ˆ�“�G �ˆ�•�‹�G �Š�–�”�—�“�Œ�Ÿ�G
�ˆ�•�ˆ�“� �š�•�š�U�G �G �{�•�Œ�G �ˆ�™�Œ�ˆ�G �–�•�G �”�ˆ�›�•�Œ�”�ˆ�›�•�Š�š�G �›�•�ˆ�›�G �š�›�œ�‹�•�Œ�š�G �›�–�—�–�“�–�Ž�•�Œ�š�G �ˆ�•�‹�G �›�–�—�–�“�–�Ž�•�Š�ˆ�“�G
�š�—�ˆ�Š�Œ�š�G�•�š�G�Š�ˆ�“�“�Œ�‹�G�›�–�—�–�“�–�Ž� �U�G
�G
 The idea is to�G�•�•�›�™�–�‹�œ�Š�Œ�G�ˆ�G�•�ˆ�”�•�“� �GJ �–�•�G�š�œ�‰�š�Œ�›�š�G�–�•�G�ˆ�G�Ž�•�•�Œ�•�G�œ�•�•�•�Œ�™�š�ˆ�“�G�š�Œ�›�GU �G�G
�O�›�•�Œ�G�œ�•�•�•�Œ�™�š�Œ�G�”�•�Ž�•�›�G�‰�Œ�G�›�•�Œ�G�™�Œ�ˆ�“�G�•�œ�”�‰�Œ�™�š�S�G�Š�–�”�—�“�Œ�Ÿ�G�•�œ�”�‰�Œ�™�š�S�G�–�™�G�Œ�•�Œ�•�G�ˆ�G�•�ˆ�”�•�“� �G
�–�•�G�•�œ�•�Š�›�•�–�•�š�P�S�G�ž�•�Œ�™�Œ�G�›�•�Œ�G�š�Œ�›�š�G�•�•�G�›�•�Œ�G�•�ˆ�”�•�“� �GJ �G�ˆ�™�Œ�G�Š�ˆ�“�“�Œ�‹�G�–�—�Œ�•�G�š�Œ�›�š�–�—�Œ�•�G�š�Œ�›�š�–�—�Œ�•�G�š�Œ�›�š�–�—�Œ�•�G�š�Œ�›�š�U�G�G�{�•�Œ�š�Œ�G�–�—�Œ�•�G
�š�Œ�›�š�G�ˆ�Š�›�G�ˆ�š�G�•�Œ�•�Ž�•�‰�–�™�•�–�–�‹�š�G�–�•�G�—�–�•�•�›�š�G�•�•�GU �S�G�›�•�œ�š�G�ˆ�“�“�–�ž�•�•�Ž�G�•�•�G�ˆ�G�Ž�Œ�•�Œ�™�ˆ�“�G�ž�ˆ� �G�•�–�™�G
�›�•�Œ�G�‹�•�š�Š�œ�š�š�•�–�•�G�–�•�G�Š�–�•�•�Œ�™�Ž�Œ�•�Š�Œ�G�–�•�G�Œ�“�Œ�”�Œ�•�›�š�G�•�•�GU �U�G�G�{�•�•�š�G�•�ˆ�”�•�“� �G�–�•�G�–�—�Œ�•�G�š�Œ�›�š�GJ �G
�•�š�G �Š�ˆ�“�“�Œ�‹�G �ˆ�G �›�–�—�–�“�–�Ž� �›�–�—�–�“�–�Ž� �›�–�—�–�“�–�Ž� �›�–�—�–�“�–�Ž� �G�–�•�G �O�–�™�G�•�–�™�P�G�›�•�Œ�G�œ�•�•�•�Œ�™�š�ˆ�“�G �š�Œ�›�GU �U�G �G�z�–�G�•�š�G �ˆ�•� �G�Š�–�“�“�Œ�Š�›�•�–�•�G �–�•�G
�š�œ�‰�š�Œ�›�š�G �–�•�GU �G �Š�ˆ�“�“�Œ�‹�G �ˆ�G �›�–�—�–�“�–�Ž� �f�G �G �{�•�Œ�G �ˆ�•�š�ž�Œ�™�G �•�š�G �•�–�U�G �G �{�•�Œ�™�Œ�G �ˆ�™�Œ�G �›�•�™�Œ�Œ�G
�™�Œ�š�›�™�•�Š�›�•�–�•�š�G�–�•�G�ˆ�G�•�ˆ�”�•�“� �G�–�•�G�š�œ�‰�š�Œ�›�š�G�•�•�G�–�™�‹�Œ�™�G�›�•�ˆ�›�G�›�•�Œ� �G�•�–�™�”�G�ˆ�G�›�–�—�–�“�–�Ž� �G�–�•�GU �U�G�G
�{�•�Œ� �G�ˆ�™�Œ�a�G
�G

�k�Œ�•�•�•�•�›�•�–�•�a�k�Œ�•�•�•�•�›�•�–�•�a�k�Œ�•�•�•�•�›�•�–�•�a�k�Œ�•�•�•�•�›�•�–�•�a�G �G �h�G �›�–�—�–�“�–�Ž� �›�–�—�–�“�–�Ž� �›�–�—�–�“�–�Ž� �›�–�—�–�“�–�Ž� �GJ �G �–�•�G �ˆ�G �š�Œ�›�GU �G �•�š�G �ˆ�•� �G �Š�–�“�“�Œ�Š�›�•�–�•�G �–�•�G�š�œ�‰�š�Œ�›�š�G �–�•�GU �G �›�•�ˆ�›�G
�š�ˆ�›�•�š�•�•�Œ�š�G�›�•�Œ�G�•�–�“�“�–�ž�•�•�Ž�G�Š�–�•�‹�•�›�•�–�•�š�a�G
�G

�O�X�P�G�G�{�•�Œ�G�Œ�”�—�›� �G�š�Œ�›�GÆ�G�ˆ�•�‹�GU �G�‰�Œ�“�–�•�Ž�G�›�–�G�›�•�Œ�G�•�ˆ�”�•�“� �GJ �U�G
�O�Y�P�G�G�{�•�Œ�G�œ�•�•�–�•�G�–�•�G�ˆ�•� �G�Š�–�“�“�Œ�Š�›�•�–�•�G�–�•�G�š�Œ�›�š�G�•�•�GJ �ˆ�“�š�–�G�‰�Œ�“�–�•�Ž�š�G�›�–J �U�G
�O�Z�P�G�G�{�•�Œ�G�•�•�›�Œ�™�š�Œ�Š�›�•�–�•�G�–�•�G�ˆ�•� �G�›�ž�–�G�O�–�™�G�Œ�˜�œ�•�•�ˆ�“�Œ�•�›�“� �G�ˆ�G�•�•�•�•�›�Œ�G�•�œ�”�‰�Œ�™�P�G�š�Œ�›�š�G�•�•�GJ �G�G
�G�G�G�G�G�G�G�•�š�G�ˆ�“�š�–�G�ˆ�G�”�Œ�”�‰�Œ�™�G�–�•�GJ �G�U�G
�G
�{�•�Œ�G�š�Œ�›�š�G�•�•�G�›�•�Œ�G�›�–�—�–�“�–�Ž� �GJ �G�ˆ�™�Œ�G�Š�ˆ�“�“�Œ�‹�G�›�•�Œ�G�–�—�Œ�•�G�š�Œ�›�š�G�•�•�G�›�•�Œ�G�›�–�—�–�“�–�Ž� �š�Œ�›�š�G�•�•�G�›�•�Œ�G�›�–�—�–�“�–�Ž� �š�Œ�›�š�G�•�•�G�›�•�Œ�G�›�–�—�–�“�–�Ž� �š�Œ�›�š�G�•�•�G�›�•�Œ�G�›�–�—�–�“�–�Ž� �G�O�–�™�G�‘�œ�š�›�G�G
�–�—�Œ�•�G�š�Œ�›�š�–�—�Œ�•�G�š�Œ�›�š�–�—�Œ�•�G�š�Œ�›�š�–�—�Œ�•�G�š�Œ�›�š�P�U�G�G�w�™�–�—�Œ�™�›�•�Œ�š�G�O�Y�P�G�ˆ�•�‹�G�O�Z�P�G�š�ˆ� �G�›�•�ˆ�›�G�›�•�Œ�G�•�ˆ�”�•�“� �GJ �G�•�š�G�Š�“�–�š�Œ�‹�Š�“�–�š�Œ�‹�Š�“�–�š�Œ�‹�Š�“�–�š�Œ�‹�G�œ�•�‹�Œ�™�G�G
�œ�•�•�–�•�š�œ�•�•�–�•�š�œ�•�•�–�•�š�œ�•�•�–�•�š�G�ˆ�•�‹�G�•�•�•�•�›�Œ�G�•�•�›�Œ�™�š�Œ�Š�›�•�–�•�š�•�•�•�•�›�Œ�G�•�•�›�Œ�™�š�Œ�Š�›�•�–�•�š�•�•�•�•�›�Œ�G�•�•�›�Œ�™�š�Œ�Š�›�•�–�•�š�•�•�•�•�›�Œ�G�•�•�›�Œ�™�š�Œ�Š�›�•�–�•�š�U�G�G�G�G

�G
�G

�G
�h�š�G�ˆ�•�G�•�“�“�œ�š�›�™�ˆ�›�•�–�•�G�Š�–�•�š�•�‹�Œ�™�G�›�•�Œ�G�œ�•�•�•�Œ�™�š�ˆ�“�G�š�Œ�›�GU �G�–�•�G�–�•�“� �G�›�•�™�Œ�Œ�G�—�–�•�•�›�š�G
�G

�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G{ }, ,U a b c= �G

�G
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�z�–�G�ž�•�ˆ�›�G�š�œ�‰�š�Œ�›�š�G�–�•�GU �G�Š�ˆ�•�G�ž�Œ�G�Š�•�–�–�š�Œ�G�ˆ�š�G�–�œ�™�G�–�—�Œ�•�G�š�Œ�›�š�f�G�G�O�•�U�Œ�U�G�š�Œ�›�š�G�•�•�GJ �P�G�G�~�Œ�G

�’�•�–�ž�GU �G�•�ˆ�š�G�ˆ�G�›�–�›�ˆ�“�G�–�•�G32 8= �G�š�œ�‰�š�Œ�›�š�U�G�G�G�i�Œ�“�–�ž�G�ž�Œ�G�“�•�š�›�G�•�•�•�Œ�G�•�ˆ�”�•�“�•�Œ�š�G�–�•�G�š�œ�‰�š�Œ�›�š�G
�–�•�GU �S�G�Œ�ˆ�Š�•�G�–�•�G�ž�•�•�Š�•�G�š�ˆ�›�•�š�•�•�Œ�š�G�›�•�Œ�G�›�•�™�Œ�Œ�G�Ž�•�•�Œ�•�G�Š�–�•�‹�•�›�•�–�•�š�G�•�–�™�G�‰�Œ�•�•�Ž�G�ˆ�G�›�–�—�–�“�–�Ž� �G
�–�•�GU �U�G �G �G �{�•�Œ�G �™�Œ�ˆ�‹�Œ�™�G �Š�ˆ�•�G �•�Œ�™�•�•� �G �O�z�Œ�Œ�G �w�™�–�‰�“�Œ�”�G �^�P�G �Œ�ˆ�Š�•�G �•�ˆ�”�•�“� �G1 2 3 4 5, , , ,J J J J J �G�G�G

�š�ˆ�›�•�š�•�•�Œ�š�G�›�•�Œ�G�Š�–�•�‹�•�›�•�–�•�š�G�•�–�™�G�‰�Œ�•�•�Ž�G�ˆ�G�›�–�—�–�“�–�Ž� �G�–�•U �U�G�G�{�•�Œ�G�›�–�—�–�“�–�Ž� �G1J �G�Š�–�•�›�ˆ�•�•�š�G

�›�ž�–�G �–�—�Œ�•�G �š�Œ�›�š�S�G �›�•�Œ�G �Œ�”�—�›� �G �š�Œ�›�GÆ�G �ˆ�•�‹�G �›�•�Œ�G �œ�•�•�•�Œ�™�š�Œ�GU �S�G �ˆ�•�‹�G �•�š�G �Š�ˆ�“�“�Œ�‹�G �›�•�Œ�G
�•�•�‹�•�š�Š�™�Œ�›�Œ�G�›�–�—�–�“�–�Ž� �•�•�‹�•�š�Š�™�Œ�›�Œ�G�›�–�—�–�“�–�Ž� �•�•�‹�•�š�Š�™�Œ�›�Œ�G�›�–�—�–�“�–�Ž� �•�•�‹�•�š�Š�™�Œ�›�Œ�G�›�–�—�–�“�–�Ž� �G�•�–�™�GU �U�G�G�h�›�G�›�•�Œ�G�–�›�•�Œ�™�G�Œ�Ÿ�›�™�Œ�”�Œ�G�›�•�Œ�G�›�–�—�–�“�–�Ž� �G5J �G�Š�–�•�›�ˆ�•�•�š�G�ˆ�“�“�G

�š�œ�‰�š�Œ�›�š�G�–�•�GU �G�•�š�G�›�•�Œ�G�‹�•�š�Š�™�Œ�›�Œ�G�›�–�—�–�“�–�Ž� �‹�•�š�Š�™�Œ�›�Œ�G�›�–�—�–�“�–�Ž� �‹�•�š�Š�™�Œ�›�Œ�G�›�–�—�–�“�–�Ž� �‹�•�š�Š�™�Œ�›�Œ�G�›�–�—�–�“�–�Ž� �S�G�ž�•�•�Š�•�G�”�Œ�ˆ�•�š�G�›�•�ˆ�›�G�Œ�•�Œ�™� �G�š�œ�‰�š�Œ�›�G�–�•�GU �G�•�š�G
�ˆ�•�G�–�—�Œ�•�G�š�Œ�›�U�G�G�{�•�Œ�G�–�›�•�Œ�™�G�›�–�—�–�“�–�Ž�•�Œ�š�G2 3 4, ,J J J �G�ˆ�™�Œ�G�•�•�G�‰�Œ�›�ž�Œ�Œ�•�G�›�•�Œ�G�›�ž�–�G�Œ�Ÿ�›�™�Œ�”�Œ�G

�›�–�—�–�“�–�Ž�•�Œ�š�U�G�G�G�G
�G

�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G

{ }
{ }{ }
{ } { }{ }
{ }{ }
{ } { } { } { } { } { }{ }

1

2

3

4

5

,                   indiscrete topology

, ,

, , , ,

, , ,   

, , , , , , , , , ,        discrete topology

J U

J a U

J a b c U

J a b U

J a b c a b a c b c U

= Æ

= Æ

= Æ

= Æ

= Æ

�G

   

Theorem 1    The family  

                                                  { } { }{ }, , , ,J a b c U= Æ  

is a topology on the set { }, ,U a b c= . 

Proof:    We verify the three conditions required for a topology.  The first condition is 
verified since the topology J contains both the empty set Æ and the universe U .    The 
second condition (closure under unions) also holds since one can check that the union any 
combination of sets in J is also a member of J   For example 

                                              

{ } { } { }
{ } { }

{ } { } { }

, , ,

, , , ,

a b c a b c J

a a J

a a b c a b c J

È = Î

Æ È = Î

È = Î

 

Thirdly, it is also easy to see that the intersection of any two sets in J  is also a member 
of J .   For example 
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                    .                          

{ } { }
{ } { } { }
{ } { } { }

,

,

, , , ,

a b c J

a b c a J

b c a b c b c J

Ç = ÆÎ

Ç = Î

Ç = Î

 

   In other words, J is closed under finite intersections.   

 So what do these topologies on U  have to do with convergence?   Wait till we get 
to the study of analysis in Chapter 5 where we introduce the concepts of neighborhoods.   

�G�G



Section 2.2                                                                                           Families of Sets 9 

�w�™�–�‰�“�Œ�”�š�w�™�–�‰�“�Œ�”�š�w�™�–�‰�“�Œ�”�š�w�™�–�‰�“�Œ�”�š�G�G�G�G
�G �G

�X�U �s�Œ�›�G { } { } { }1 2 31,2 , 2,3 , 3,4A A A= = = �G �ˆ�•�‹�G �•�•�G �Ž�Œ�•�Œ�™�ˆ�“�G{ }, 1kA k k= + �U�G �~�™�•�›�Œ�G

�Œ�Ÿ�—�“�•�Š�•�›�“� �G�›�•�Œ�G�•�–�“�“�–�ž�•�•�Ž�G�š�Œ�›�š�U�G
�G

�ˆ�P�G
5

1
k

k

A
=
� �G

�‰�P�G k
k

A
Î �
� �G

�Š�P�G
5

k
k

A
³
� �G

�‹�P�G
1 4

k
k

A
£ £
� �G

�Œ�P�G
5

1
k

k

A
=
� �G

�•�P�G k
k

A
Î �
� �G

�Ž�P�G
1 5

k
k

A
£ £
� �G

�•�P�G
5

1
k

k

A
=
� �G

�•�P�G k
k

A
Î �
� �G

�G
�Y�U �m�–�™�G�›�•�Œ�G�•�–�“�“�–�ž�•�•�Ž�G�•�•�‹�Œ�Ÿ�Œ�‹�G�•�ˆ�”�•�“�•�Œ�š�G�–�•�G�š�Œ�›�š�G�•�•�•�‹�G�G

�G

�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G
1

k
k

A
¥

=
� �G�G�G�G�G�G�G�G�ˆ�•�‹�G�G�G�G�G�G�G�G

1
k

k

A
¥

=
� �U�G

�G

�ˆ�P�G [ ]0,1 1/kA k= - �G

�‰�P�G [ ]1/ ,1/kA k k= - �G

�Š�P�G ( )0,1/kA k= �G

�‹�P�G { } [ ]1/ ,2kA k k k= È �G

�Œ�P�G [ ], 1kA k k= + �G

�•�P�G�G�G�G�G�G�G�G�G�G�G[ ]0,1 1/kA k= + �G

�Ž�P�G ( ){ }2 2, :kA x y x y k= + £ �G

�G�G
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�Z�U �G�O�G�O�G�O�G�O�h�“�Ž�Œ�‰�™�ˆ�G�h�“�Ž�Œ�‰�™�ˆ�G�h�“�Ž�Œ�‰�™�ˆ�G�h�“�Ž�Œ�‰�™�ˆ�G�–�•�G�z�Œ�›�š�P�–�•�G�z�Œ�›�š�P�–�•�G�z�Œ�›�š�P�–�•�G�z�Œ�›�š�P�G�G�G�h�G�•�ˆ�”�•�“� �G� �G�–�•�G�š�œ�‰�š�Œ�›�š�G�–�•�G�ˆ�G�œ�•�•�•�Œ�™�š�Œ�GU �G�•�š�G�Š�ˆ�“�“�Œ�‹�G�ˆ�•�G�ˆ�“�Ž�Œ�‰�™�ˆ�ˆ�“�Ž�Œ�‰�™�ˆ�ˆ�“�Ž�Œ�‰�™�ˆ�ˆ�“�Ž�Œ�‰�™�ˆ�X�X�X�X�G�G�G�G
�–�•�G�š�Œ�›�š�G�•�•�G

�G

�G�G�G�G�G�G�G�G�G�G�G( )i �G�GA BÈ �G�•�š�G�•�•�G� �G�ž�•�Œ�•�Œ�•�Œ�™�GA �G�ˆ�•�‹�GB �G�ˆ�™�Œ�G�•�•�G� �G

�G�G�G�G�G�G�G�G�G�G�G( )ii �GA �G�•�š�G�•�•�G� �G�ž�•�Œ�•�Œ�•�Œ�™�GA �G�•�š�G�•�•�G� �G�G�G�G

�G
�p�•�G�›�•�•�š�G�•�ˆ�—�—�Œ�•�š�G�ž�Œ�G�š�ˆ� �G�›�•�Œ�G�•�ˆ�”�•�“� �G� �G�•�š�G�Š�“�–�š�Œ�‹�Š�“�–�š�Œ�‹�Š�“�–�š�Œ�‹�Š�“�–�š�Œ�‹�G�œ�•�‹�Œ�™�G�œ�•�•�–�•�š�G�œ�•�•�–�•�š�G�œ�•�•�–�•�š�G�œ�•�•�–�•�š�G�ˆ�•�‹�G�Š�–�Š�–�Š�–�Š�–�”�—�“�Œ�”�Œ�•�›�ˆ�›�•�–�•�”�—�“�Œ�”�Œ�•�›�ˆ�›�•�–�•�”�—�“�Œ�”�Œ�•�›�ˆ�›�•�–�•�”�—�“�Œ�”�Œ�•�›�ˆ�›�•�–�•�U�G�G�G

�~�•�•�Š�•�G �–�•�G �›�•�Œ�G �•�–�“�“�–�ž�•�•�Ž�G �•�ˆ�”�•�“�•�Œ�š�G �–�•�G �š�œ�‰�š�Œ�›�š�G �–�•�G{ }, ,U a b c= �G �ˆ�™�Œ�G �ˆ�•�G �ˆ�“�Ž�Œ�‰�™�ˆ�G �–�•�G

�š�œ�‰�š�Œ�›�š�G�–�•�GU �U�G�G
�G

�G �ˆ�P�G�G( )P U �G

�G �‰�P�G�G{ },UÆ �G

�G �Š�P�G�G{ }{ }, ,a UÆ �G

�G �‹�P�G�G{ } { }{ }, , , ,a b c UÆ �G

�G
�[�U �O�z�Œ�›�š�G�p�•�‹�Œ�Ÿ�Œ�‹�G�‰� �G�{�ž�–�G�p�•�‹�•�Š�Œ�š�P�O�z�Œ�›�š�G�p�•�‹�Œ�Ÿ�Œ�‹�G�‰� �G�{�ž�–�G�p�•�‹�•�Š�Œ�š�P�O�z�Œ�›�š�G�p�•�‹�Œ�Ÿ�Œ�‹�G�‰� �G�{�ž�–�G�p�•�‹�•�Š�Œ�š�P�O�z�Œ�›�š�G�p�•�‹�Œ�Ÿ�Œ�‹�G�‰� �G�{�ž�–�G�p�•�‹�•�Š�Œ�š�P�G�G�s�Œ�›�G,i jA �G�‰�Œ�G�ˆ�G�•�ˆ�”�•�“� �G�–�•�G�š�Œ�›�š�G�ž�•�Œ�™�Œ�G,i j �‰�Œ�“�–�•�Ž�G�›�–�G

�›�•�Œ�G�•�•�‹�Œ�Ÿ�G�š�Œ�›�š�G,I J �G�™�Œ�š�—�Œ�Š�›�•�•�Œ�“� �U�G�G�G�h�G�š�•�”�—�“�Œ�G�Œ�Ÿ�ˆ�”�—�“�Œ�G�”�•�Ž�•�›�G�‰�Œ�G�›�•�Œ�G�Š�–�“�“�Œ�Š�›�•�–�•�G�–�•�G

�™�Œ�Š�›�ˆ�•�Ž�“�Œ�š�G�G

�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G( ){ }, , : 0 ,0i jA x y x i y j= £ £ £ £ �G

�•�•�G�›�•�Œ�G�—�“�ˆ�•�Œ�U�G�G
�G
�ˆ�P�G�G�G�w�™�–�•�Œ�G

�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G, ,i j i j
i I j J j J i I

A A
Î Î Î Î

Í� � � � �G

�G
�‰�P�G�G�m�•�•�‹�G�ˆ�G�Š�–�œ�•�›�Œ�™�G�Œ�Ÿ�ˆ�”�—�“�Œ�G�š�•�–�ž�•�•�Ž�G�›�•�ˆ�›�G�›�•�Œ�G�›�ž�–�G�š�Œ�›�š�G�•�•�G�ˆ�P�G�ˆ�™�Œ�G�•�–�›�G�Œ�˜�œ�ˆ�“�U�G�G
�G

�\�U�G�G�G�O�z�Œ�›�š�G�–�•�G�s�Œ�•�Ž�›�•�G�•�Œ�™�–�P�O�z�Œ�›�š�G�–�•�G�s�Œ�•�Ž�›�•�G�•�Œ�™�–�P�O�z�Œ�›�š�G�–�•�G�s�Œ�•�Ž�›�•�G�•�Œ�™�–�P�O�z�Œ�›�š�G�–�•�G�s�Œ�•�Ž�›�•�G�•�Œ�™�–�P�G�G�G�h�G�š�œ�‰�š�Œ�›�GA �G�–�•�G�›�•�Œ�G�™�Œ�ˆ�“�G�•�œ�”�‰�Œ�™�š�G�•�š�G�š�ˆ�•�‹�G�›�–�G�•�ˆ�•�Œ�G�“�Œ�•�Ž�›�•�G�“�Œ�•�Ž�›�•�G�“�Œ�•�Ž�›�•�G�“�Œ�•�Ž�›�•�G

�¡�Œ�™�–�¡�Œ�™�–�¡�Œ�™�–�¡�Œ�™�–�G �O�Š�ˆ�“�“�Œ�‹�G �”�Œ�ˆ�š�œ�™�Œ�G �¡�Œ�™�–�”�Œ�ˆ�š�œ�™�Œ�G �¡�Œ�™�–�”�Œ�ˆ�š�œ�™�Œ�G �¡�Œ�™�–�”�Œ�ˆ�š�œ�™�Œ�G �¡�Œ�™�–�P�G �•�•�G0e" > �G �›�•�Œ�™�Œ�G �Œ�Ÿ�•�š�›�š�G �ˆ�G �š�Œ�˜�œ�Œ�•�Š�Œ( ),k k kA a b= �–�•�G�G

�•�•�›�Œ�™�•�ˆ�“�š�G�š�œ�Š�•�G�›�•�ˆ�›�G�›�•�Œ� �G�È�Š�–�•�Œ�™�É�GA �a�G�•�U�Œ�U�G�G
�G

�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G( )
1

,k k
k

A a b
¥

=

Í � �G

                                                 
1 Algebras of sets and sigma algebras (families of sets closed under countable unions) are fundamental to 
the study of measure theory.  Note the difference between an algebra of subsets and a topology of subsets 
on a universe; just a minor difference makes for vastly different structures on the universe. 
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�ˆ�•�‹�G�›�•�Œ�•�™�G�›�–�›�ˆ�“�G�“�Œ�•�Ž�›�•�G�•�š�G�“�Œ�š�š�G�›�•�ˆ�•�Ge �b�G�›�•�ˆ�›�G�•�š�G
1

k k
k

b a e
¥

=

- <� �G�U�G�G�G�z�•�–�ž�G�›�•�ˆ�›�G�ˆ�•� �G

�š�Œ�˜�œ�Œ�•�Š�Œ�G�–�•�G�™�Œ�ˆ�“�G�•�œ�”�‰�Œ�™�š�G{ }kA c= �G�•�ˆ�š�G�”�Œ�ˆ�š�œ�™�Œ�G�¡�Œ�™�–�U�G�G�o�•�•�›�a�G�G�j�–�•�Œ�™�G�Œ�ˆ�Š�•�G

�Œ�“�Œ�”�Œ�•�›�Gkc �G�•�•�G�›�•�Œ�G�š�Œ�˜�œ�Œ�•�Š�Œ�G�‰� �G�ˆ�•�G�•�•�›�Œ�™�•�ˆ�“�G( ),k ka b �G�–�•�G�“�Œ�•�Ž�›�•�G / 2k
k kb a e- = �U�G

�G
�]�U�G�G�G�G�G�G�G�G�G�G�G�G�O�j�–�”�—�ˆ�Š�›�G�z�Œ�›�š�P�O�j�–�”�—�ˆ�Š�›�G�z�Œ�›�š�P�O�j�–�”�—�ˆ�Š�›�G�z�Œ�›�š�P�O�j�–�”�—�ˆ�Š�›�G�z�Œ�›�š�P�G�G�h�G�š�œ�‰�š�Œ�›�GA �G�–�•�G�›�•�Œ�G�™�Œ�ˆ�“�G�•�œ�”�‰�Œ�™�š�G�•�š�G�š�ˆ�•�‹�G�›�–�G�‰�Œ�G�Š�–�”�—�ˆ�Š�›�Š�–�”�—�ˆ�Š�›�Š�–�”�—�ˆ�Š�›�Š�–�”�—�ˆ�Š�›�G�•�•�G

�•�–�™�G�Œ�•�Œ�™� �G�Š�–�“�“�Œ�Š�›�•�–�•�G( ){ },a bÁ = �G�–�•�G�–�—�Œ�•�G�•�•�›�Œ�™�•�ˆ�“�š�G�›�•�ˆ�›�G�Š�–�•�›�ˆ�•�•�š�G�O�–�™�G�Š�–�•�Œ�™�š�P�GA �b�G

�•�U�Œ�U�G�G�G

�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G( )
( ),

,
a b

A a b
ÎÁ

Í � �G

�G
�›�•�Œ�™�Œ�G�Œ�Ÿ�•�š�›�š�G�ˆ�G�•�•�•�•�›�Œ�G�š�œ�‰�Š�–�“�“�Œ�Š�›�•�–�•�G�–�•�GÁ �G�›�•�ˆ�›�G�ˆ�“�š�–�G�Š�–�•�›�ˆ�•�•�š�G�O�Š�–�•�Œ�™�š�P�GA �U�G�G�z�•�–�ž�G

�›�•�Œ�G�š�Œ�›�G( )0,1A = �G�•�š�G�•�–�›�G�Š�–�”�—�ˆ�Š�›�G�‰� �G�š�•�–�ž�•�•�Ž�G�›�•�Œ�G�•�–�“�“�–�ž�•�•�Ž�U�G

�G�ˆ�P�G�G�GA �G�•�š�G�Š�–�•�Œ�™�Œ�‹�G�‰� �G�G( )
1

0,1 1/
k

k
¥

=

-� �G

�G�‰�P�G�G�G�{�•�Œ�™�Œ�G�‹�–�Œ�š�G�•�–�›�G�Œ�Ÿ�•�š�›�G�ˆ�G�•�•�•�•�›�Œ�G�š�œ�‰�Š�–�“�“�Œ�Š�›�•�–�•�G�–�•�GÁ �G�ž�•�–�š�Œ�G�œ�•�•�–�•�G�G
�G�G�G�G�G�G�G�G�Š�–�•�›�ˆ�•�•�šA �U�G
�G

�^�U�G�G�G�O�{�–�—�–�“�–�Ž�•�Œ�š�P�O�{�–�—�–�“�–�Ž�•�Œ�š�P�O�{�–�—�–�“�–�Ž�•�Œ�š�P�O�{�–�—�–�“�–�Ž�•�Œ�š�P�G�G�G�}�Œ�™�•�•� �G�›�•�ˆ�›�G�›�•�Œ�G�•�–�“�“�–�ž�•�•�Ž�G�•�ˆ�”�•�“�•�Œ�š�G�ˆ�™�Œ�G�›�–�—�–�“�–�Ž�•�Œ�š�G�•�–�™�G{ }, ,a b c �U�G

�G

�G�G�G�G�G�G�G�G�G�G

{ }
{ }{ }
{ } { }{ }
{ }{ }
{ } { } { } { } { } { }{ }

1

2

3

4

5

,                   indiscrete topology

, ,

, , , ,

, , ,   

, , , , , , , , , ,        discrete topology

J U

J a U

J a b c U

J a b U

J a b c a b a c b c U

= Æ

= Æ

= Æ

= Æ

= Æ

�G

�G
�G

�_�U�G�G�G�O�{�–�—�–�“�–�Ž�•�Œ�š�P�U�G�G�G�O�{�–�—�–�“�–�Ž�•�Œ�š�P�U�G�G�G�O�{�–�—�–�“�–�Ž�•�Œ�š�P�U�G�G�G�O�{�–�—�–�“�–�Ž�•�Œ�š�P�G�G�~�•�•�Š�•�G�–�•�G�›�•�Œ�G�•�–�“�“�–�ž�•�•�Ž�G�•�ˆ�”�•�“�•�Œ�š�G�–�•�G{ }, ,a b c �ˆ�™�Œ�G�›�–�—�–�“�–�Ž�•�Œ�š�G�–�•�G

{ }, ,a b c �G�f�G

�G

�ˆ�P�G�G { } { } { }{ }, , , , ,  J b c a b c= Æ  

b)   { } { } { }{ }, , , , , , ,J a b b c a b c= Æ   

c)   { } { }{ }, , ,J a b c= Æ  

d)    { } { } { }{ }, , , , , ,J b b c a b c= Æ �G


