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1 The word rational is the adjective form of ratio. 
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�n�–�‹�G�ˆ�•�‹�G�‰�™�•�•�Ž�G�›�•�Œ�G�È�“�ˆ�ž�š�É�G�‹�–�ž�•�G�•�™�–�”�G�›�•�Œ�G�”�–�œ�•�›�ˆ�•�•�›�–�—�S�G�š�–�G�›�–�G�š�—�Œ�ˆ�’�S�G�ž�•�Œ�™�Œ�G�ž�Œ�G
�“�ˆ� �G �‹�–�ž�•�G �›�•�Œ�G�™�œ�“�Œ�š�G�–�•�G�›�•�Œ�G�Ž�ˆ�”�Œ�G�ˆ�•�‹�G �š�ˆ� �S�G�o�Œ�™�Œ�S�G�›�•�Œ�š�Œ�G�ˆ�™�Œ�G�›�•�Œ�G�™�Œ�ˆ�“�G�•�œ�”�‰�Œ�™�š�U�É�G�G
�{�•�•�š�G �ˆ�—�—�™�–�ˆ�Š�•�G �ž�–�œ�“�‹�G �‰�Œ�G �Š�ˆ�“�“�Œ�‹�G �›�•�Œ�G�š� �•�›�•�Œ�›�•�Š�G �ˆ�—�—�™�–�ˆ�Š�•�S�G �ž�•�Œ�™�Œ�‰� �G �ž�Œ�G �“�•�š�›�G �ˆ�G
�š�Œ�™�•�Œ�š�G �–�•�G �ˆ�Ÿ�•�–�”�š�S�G �ž�•�•�Š�•�G �ž�Œ�G �•�Œ�Œ�“�G �ˆ�™�Œ�G �›�•�Œ�G �Œ�”�‰�–�‹�•�”�Œ�•�›�G�–�•�G �ž�•�ˆ�›�G �ž�Œ�G �›�•�•�•�’�G �ˆ�G
�È�Š�–�•�›�•�•�œ�œ�”�É�G �š�•�–�œ�“�‹�G �‰�Œ�U�G �G �v�•�G �›�•�Œ�G �–�›�•�Œ�™�G �•�ˆ�•�‹�S�G �ž�Œ�G �Š�ˆ�•�G �È�Š�–�•�š�›�™�œ�Š�›�É�G �›�•�Œ�G �™�Œ�ˆ�“�G
�•�œ�”�‰�Œ�™�š�S�G�”�œ�Š�•�G�“�•�’�Œ�G�ˆ�G�Š�ˆ�™�—�Œ�•�›�Œ�™�G�‹�–�Œ�š�G�•�•�G�‰�œ�•�“�‹�•�•�Ž�G�ˆ�G�•�–�œ�š�Œ�U�G�G�p�•�G�›�•�•�š�G�ˆ�—�—�™�–�ˆ�Š�•�S�G�ž�Œ�G
�‰�Œ�Ž�•�•�G�ž�•�›�•�G�›�•�Œ�G�š�•�”�—�“�Œ�š�›�G�•�œ�”�‰�Œ�™�š�S�G�“�•�’�Œ�G�›�•�Œ�G�•�ˆ�›�œ�™�ˆ�“�G�•�œ�”�‰�Œ�™�š�G1,2,3,...�G�G�S�G�ˆ�•�‹�G�›�•�Œ�•�G

�‹�–�•�•�Ž�G�š�–�”�Œ�G�È�”�ˆ�›�•�Œ�”�ˆ�›�•�Š�ˆ�“�G�Š�–�•�š�›�™�œ�Š�›�•�–�•�É�G�–�•�Œ�G�‰�œ�•�“�‹�š�G�›�•�Œ�G�™�Œ�ˆ�“�G�•�œ�”�‰�Œ�™�š�U�G�G�p�›�G�•�š�G�›�•�•�š�G
�È�Š�–�•�š�›�™�œ�Š�›�•�–�•�É�G�ˆ�—�—�™�–�ˆ�Š�•�G�ž�Œ�G�Š�ˆ�™�™� �G�–�œ�›�G�•�•�G�›�•�•�š�G�š�Œ�Š�›�•�–�•�U�G�G�{�•�Œ�G�š� �•�›�•�Œ�›�•�Š�G�ˆ�Ÿ�•�–�”�ˆ�›�•�Š�G
�ˆ�—�—�™�–�ˆ�Š�•�G�ž�•�“�“�G�‰�Œ�G�Š�ˆ�™�™�•�Œ�‹�G�–�œ�›�G�•�•�G�›�•�Œ�G�•�Œ�Ÿ�›�G�š�Œ�Š�›�•�–�•�U�G�G�G
�G
�{�•�Œ�G�i�œ�•�“�‹�•�•�Ž�G�–�•�G�›�•�Œ�G�y�Œ�ˆ�“�G�u�œ�”�‰�Œ�™�š�{�•�Œ�G�i�œ�•�“�‹�•�•�Ž�G�–�•�G�›�•�Œ�G�y�Œ�ˆ�“�G�u�œ�”�‰�Œ�™�š�{�•�Œ�G�i�œ�•�“�‹�•�•�Ž�G�–�•�G�›�•�Œ�G�y�Œ�ˆ�“�G�u�œ�”�‰�Œ�™�š�{�•�Œ�G�i�œ�•�“�‹�•�•�Ž�G�–�•�G�›�•�Œ�G�y�Œ�ˆ�“�G�u�œ�”�‰�Œ�™�š�G�G�G�G
�G
�G �{�•�Œ�G �Š�–�•�š�›�™�œ�Š�›�•�–�•�G �–�•�G �›�•�Œ�G �™�Œ�ˆ�“�G �•�œ�”�‰�Œ�™�š�G �‰�Œ�Ž�•�•�š�G �ž�•�›�•�G �›�•�Œ�G �š�•�”�—�“�Œ�š�›�G �–�•�G
�”�ˆ�›�•�Œ�”�ˆ�›�•�Š�ˆ�“�G�–�‰�‘�Œ�Š�›�š�S�G�›�•�Œ�G�•�–�•�G�•�Œ�Ž�ˆ�›�•�•�Œ�G�•�•�›�Œ�Ž�Œ�™�š�G�W�S�X�S�Y�S�Z�S�Î�U�G�G�Z�G�G
�G

�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G{ } { }0 0,1,2,3,...È =� �G

�G
�›�•�Œ�•�G�‰� �G�ˆ�G�š�Œ�™�•�Œ�š�G�–�•�G�š�›�Œ�—�š�S�G�ž�Œ�G�Š�–�•�š�›�™�œ�Š�›�G�›�•�Œ�G�•�•�›�Œ�Ž�Œ�™�š�G�G
�G

�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G{ }.... 3, 2, 1,0,1,2,3,...= - - -� �G

�G
�•�–�“�“�–�ž�Œ�‹�G�‰� �G�›�•�Œ�G�™�ˆ�›�•�–�•�ˆ�“�G�•�œ�”�‰�Œ�™�š�G
�G

�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G{ }/ : , , 0p q p q q= Î ¹� � �G�G

�G
�ˆ�•�‹�G�•�•�•�ˆ�“�“� �G�›�•�Œ�G�™�Œ�ˆ�“�G�•�œ�”�‰�Œ�™�š�G� �U�G�G�G
�G�G

�z�›�Œ�—�G�X�z�›�Œ�—�G�X�z�›�Œ�—�G�X�z�›�Œ�—�G�X�a�a�a�a�G�G { }0È ®� � �G

�G

                                                 
3 We could just as well start with the natural numbers { }1,2,3,...=�  but it is more convenient to include 

0 with the natural numbers..     
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�G �z�–�G �•�–�ž�G �‹�–�Œ�š�G �–�•�Œ�G �È�Š�–�•�š�›�™�œ�Š�›�É�G �›�•�Œ�G �•�•�›�Œ�Ž�Œ�™�š�G0, 1, 2,...± ± �G �•�™�–�”�G �›�•�Œ�G

�•�–�•�•�Œ�Ž�ˆ�›�•�•�Œ�G �•�œ�”�‰�Œ�™�š�G0,1,2,3,...�G �f�G �G �{�•�Œ�G �•�‹�Œ�ˆ�G �•�š�G �‹�Œ�•�•�•�Œ�G �•�•�›�Œ�Ž�Œ�™�š�G �ˆ�š�G �—�ˆ�•�™�š�G �–�•�G

�•�–�•�•�Œ�Ž�ˆ�›�•�•�Œ�G�•�•�›�Œ�Ž�Œ�™�š�S�G�ž�•�Œ�™�Œ�G�ž�Œ�G�È�›�•�•�•�’�É�G�–�•�G�Œ�ˆ�Š�•�G�—�ˆ�•�™�G( ),m n �G�ˆ�š�G�™�Œ�—�™�Œ�š�Œ�•�›�•�•�Ž�G�›�•�Œ�G

�‹�•�•�•�Œ�™�Œ�•�Š�Œ�Gm n- �S�G�ˆ�•�‹�G�›�•�œ�š�G�ˆ�G�—�ˆ�•�™�G�“�•�’�Œ�G( )2,5 �G�G�G�G�ž�–�œ�“�‹�G�™�Œ�—�™�Œ�š�Œ�•�›�G3- �U�G�G�G�p�•�G�ž�Œ�G�›�•�Œ�•�G

�‹�Œ�•�•�•�Œ�G�ˆ�‹�‹�•�›�•�–�•�S�G�š�œ�‰�›�™�ˆ�Š�›�•�–�•�S�G�ˆ�•�‹�G�”�œ�“�›�•�—�“�•�Š�ˆ�›�•�–�•�G�–�•�G�›�•�Œ�G�—�ˆ�•�™�š�G( ),m n �G�•�•�G�ˆ�G�ž�ˆ� �G�›�•�ˆ�›�G

�•�š�G �Š�–�•�š�•�š�›�Œ�•�›�G �ž�•�›�•�G �›�•�Œ�G �ˆ�™�•�›�•�”�Œ�›�•�Š�G �–�•�G �›�•�Œ�G �•�–�•�•�Œ�Ž�ˆ�›�•�•�Œ�G �•�•�›�Œ�Ž�Œ�™�š�S�G �ž�Œ�G �•�ˆ�•�Œ�G
�š�œ�Š�Š�Œ�š�š�•�œ�“�“� �G �‹�Œ�•�•�•�Œ�‹�G �›�•�Œ�G �•�•�›�Œ�Ž�Œ�™�š�G �•�•�G �›�Œ�™�”�š�G �–�•�G �›�•�Œ�G �•�–�•�•�Œ�Ž�ˆ�›�•�•�Œ�G �•�•�›�Œ�Ž�Œ�™�š�U�G �G �{�–�G
�Š�ˆ�™�™� �G�–�œ�›�G�›�•�•�š�G�—�™�–�Ž�™�ˆ�”�S�G�ž�Œ�G�š�›�ˆ�™�›�G�ž�•�›�•�G�›�•�Œ�G�š�Œ�›�G�G
�G

�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G( ){ }, : , 0,1,2,...S m n m n= = �G

�G
�–�•�G �—�ˆ�•�™�š�G �–�•�G �•�–�•�•�Œ�Ž�ˆ�›�•�•�Œ�G �•�•�›�Œ�Ž�Œ�™�š�S�G �Š�ˆ�“�“�Œ�‹�G �Ž�™�•�‹�G �—�–�•�•�›�š�S�G �ž�•�•�Š�•�G �ˆ�™�Œ�G �•�“�“�œ�š�›�™�ˆ�›�Œ�‹�G �ˆ�š�G
�‹�–�›�š�G�•�•�G�m�•�Ž�œ�™�Œ�G�X�G
�G�G�G�G

�G
�G�G�G�G

�w�ˆ�™�›�•�›�•�–�•�•�•�Ž�GS �G�•�•�›�–�G�l�˜�œ�•�•�ˆ�“�Œ�•�Š�Œ�G�j�“�ˆ�š�š�Œ�š�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G
�m�•�Ž�œ�™�Œ�G�X�G

�G

�~�Œ�G�•�–�ž�G�š�ˆ� �G( ) ( ),  and ,m n m n¢ ¢�G�ˆ�™�Œ�G�Œ�˜�œ�•�•�ˆ�“�Œ�•�›�[�G�•�•�G�ˆ�•�‹�G�–�•�“� �G�•�•�G

�G�G
                                                 
4 The idea behind the equivalence relation is that ( ) ( ), ,m n m n¢ ¢º  if and only if  m n m n¢ ¢- = -  

except we are not allowed to use negative numbers as of now.  Hence, we get by this and say  the 

equivalent statement ( ) ( ), ,m n m n¢ ¢º  if and only if m n m n¢ ¢+ = +  
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�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G( ) ( ), , if and only if m n m n m n m n¢ ¢ ¢ ¢º + = + �G

�G
�p�›�G�•�š�G�ˆ�•�G�Œ�ˆ�š� �G�”�ˆ�›�›�Œ�™�G�›�–�G�š�•�–�ž�G�›�•�•�š�G�™�Œ�“�ˆ�›�•�–�•�G�•�š�G�ˆ�•�G�Œ�˜�œ�•�•�ˆ�“�Œ�•�Š�Œ�G�™�Œ�“�ˆ�›�•�–�•�G�–�•�GS �G�G�O�z�Œ�Œ�G
�w�™�–�‰�“�Œ�”�G�X�U�P�G�G�ˆ�•�‹�G�›�•�œ�š�G�•�›�G�—�ˆ�™�›�•�›�•�–�•�š�GS �G�•�•�›�–�G�O�‹�•�š�‘�–�•�•�›�P�G�Œ�˜�œ�•�•�ˆ�“�Œ�•�Š�Œ�G�Š�“�ˆ�š�š�Œ�š�S�G�Œ�ˆ�Š�•�G
�Œ�˜�œ�•�•�ˆ�“�Œ�•�Š�Œ�G �Š�“�ˆ�š�š�G �‰�Œ�•�•�Ž�G �›�•�Œ�G �Ž�™�•�‹�G �—�–�•�•�›�š�G �–�•�G �ˆ�G �š�›�™�ˆ�•�Ž�•�›�G �“�•�•�Œ�G �–�•�G �›�•�Œ�G �•�–�™�”�G

, 0, 1, 2,...n m k k= + = ± ± �U�z�Œ�Œ�G�m�•�Ž�œ�™�Œ�G�X�U�G�G�h�G�•�Œ�ž�G�Œ�˜�œ�•�•�ˆ�“�Œ�•�Š�Œ�š�G�Š�“�ˆ�š�š�Œ�š�G�ˆ�™�Œ�G�“�•�š�›�Œ�‹�G�•�•�G

�{�ˆ�‰�“�Œ�G �X�S�G �ˆ�“�–�•�Ž�G �ž�•�›�•�G �›�•�Œ�•�™�G �‹�Œ�š�•�Ž�•�ˆ�›�Œ�‹�G �™�Œ�—�™�Œ�š�Œ�•�›�ˆ�›�•�•�Œ�G( ) �U�G �G �l�ˆ�Š�•�G �–�•�Œ�G �–�•�G �›�•�Œ�š�Œ�G

�Œ�˜�œ�•�•�ˆ�“�Œ�•�Š�Œ�G�Š�“�ˆ�š�š�Œ�š�G�ž�•�“�“�G�™�Œ�—�™�Œ�š�Œ�•�›�G�ˆ�•�G�•�•�›�Œ�Ž�Œ�™�S�G�Œ�˜�œ�•�•�ˆ�“�Œ�•�Š�Œ�G�Š�“�ˆ�š�š�Œ�š�G�–�•�G�›�•�Œ�G�•�–�™�”�G

( ),0m �ž�•�›�•�G�™�Œ�—�™�Œ�š�Œ�•�›�G�—�–�š�•�›�•�•�Œ�G�•�•�›�Œ�Ž�Œ�™�š�Gm �S�G( )0,0 �G�ž�•�“�“�G�‰�Œ�G�¡�Œ�™�–�S�G�ˆ�•�‹�G�—�ˆ�•�™�š�G�–�•�G�›�•�Œ�G

�•�–�™�”�G( )0,n �G�ž�•�“�“�G�™�Œ�—�™�Œ�š�Œ�•�›�G�ˆ�G�•�Œ�Ž�ˆ�›�•�•�Œ�G�•�•�›�Œ�Ž�Œ�™�š�Gn- �U�G�G�G

�G
�l�˜�œ�•�•�ˆ�“�Œ�•�Š�Œ�G�j�“�ˆ�š�š�l�˜�œ�•�•�ˆ�“�Œ�•�Š�Œ�G�j�“�ˆ�š�š�l�˜�œ�•�•�ˆ�“�Œ�•�Š�Œ�G�j�“�ˆ�š�š�l�˜�œ�•�•�ˆ�“�Œ�•�Š�Œ�G�j�“�ˆ�š�š�G�G�G�G �p�•�›�Œ�Ž�Œ�™�G�j�–�™�™�Œ�š�—�–�•�‹�Œ�•�Š�Œ�p�•�›�Œ�Ž�Œ�™�G�j�–�™�™�Œ�š�—�–�•�‹�Œ�•�Š�Œ�p�•�›�Œ�Ž�Œ�™�G�j�–�™�™�Œ�š�—�–�•�‹�Œ�•�Š�Œ�p�•�›�Œ�Ž�Œ�™�G�j�–�™�™�Œ�š�—�–�•�‹�Œ�•�Š�Œ�G�G�G�G

( ) ( ) ( ) ( ) ( ){ }0,2 0,2 1,3 , 2,4 , 3,5= � �G 2- �G

( ) ( )( ) ( ) ( ){ }0,1 0,1 1,2 , 2,3 , 3,4= � �G 1- �G

( ) ( )( ) ( ) ( ){ }0,0 0,0 1,1 , 2,2 , 3,3= � �G �G�W�G

( ) ( )( ) ( ) ( ){ }1,0 1,0 2,1 , 3,2 , 4,3= � �G �G�X�G

( ) ( ) ( ) ( ) ( ){ }2,0 2,0 3,1 , 4,2 , 5,3= � �G�G �G�Y�G

�G
�m�•�•�Œ�G�l�˜�œ�•�•�ˆ�“�Œ�•�Š�Œ�G�j�“�ˆ�š�š�Œ�š�G�•�•�GS �G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G

�{�ˆ�‰�“�Œ�G�X�G
�G
�m�–�™�G�Œ�Ÿ�ˆ�”�—�“�Œ�G�G
�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G

�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G( ) ( ) ( ) ( ) ( )0,2 2 0,1 1 0,0 0 1,0 1 2,0 2= - = - = = = �G

�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G
�~�Œ�G�•�–�ž�G�‹�Œ�•�•�•�Œ�G�›�•�Œ�G�•�•�›�Œ�Ž�Œ�™�š�G� �G�ˆ�š�G�›�•�Œ�G�Š�–�“�“�Œ�Š�›�•�–�•�G�–�•�G�Œ�˜�œ�•�•�ˆ�“�Œ�•�Š�Œ�š�G�Š�“�ˆ�š�š�Œ�š�G�–�•�GS �a�G
�G

�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G
( ) ( ) ( ) ( ) ( ) ( ) ( ){ }

{ }

... 0,3 , 0,2 , 0,1 , 0,0 , 1,0 , 2,0 , 3,0 ,...

... 3, 2, 1,0,1,2,3,...

=

= - - -

�
�G

�G
�–�™�G�•�•�G�Ž�Œ�•�Œ�™�ˆ�“�G

�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G

( )
( )
( )

,0   (positive integers)

0,0 0 (zero)

0, (negative integers)

k k

k k

=

=

= -

�G

�G
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�G�~�Œ�G�•�–�ž�G�‹�Œ�•�•�•�Œ�G�ˆ�‹�‹�•�›�•�–�•�S�G�š�œ�‰�›�™�ˆ�Š�›�•�–�•�S�G�ˆ�•�‹�G�”�œ�“�›�•�—�“�•�Š�ˆ�›�•�–�•�G�–�•�G�›�•�Œ�š�Œ�G�•�Œ�ž�“� �G�•�–�œ�•�‹�G
�•�•�›�Œ�Ž�Œ�™�š�G �•�•�G �ˆ�G �”�ˆ�•�•�Œ�™�G �Š�–�•�š�•�š�›�Œ�•�›�G �ž�•�›�•�G �›�•�Œ�G �ˆ�™�•�›�•�”�Œ�›�•�Š�G �–�•�G �›�•�Œ�G �•�ˆ�›�œ�™�ˆ�“�G �•�œ�”�‰�Œ�™�š�U�G�G
�~�Œ�G�‹�Œ�•�•�•�Œ�G

�G
�h�‹�‹�•�›�•�–�•�h�‹�‹�•�›�•�–�•�h�‹�‹�•�›�•�–�•�h�‹�‹�•�›�•�–�•�G�G�G�G �l�Ÿ�ˆ�”�—�“�Œ�l�Ÿ�ˆ�”�—�“�Œ�l�Ÿ�ˆ�”�—�“�Œ�l�Ÿ�ˆ�”�—�“�Œ�š�š�š�š�G�G�G�G

( ) ( ) ( ),0 ,0 ,0p q p q+ = + �G 3 2 5+ = �G

( ) ( ) ( )0, 0, 0,   p q p q+ = + �G ( )5 2 7- + - = - �G

�G �G
�z�œ�‰�›�™�ˆ�Š�›�•�–�•�z�œ�‰�›�™�ˆ�Š�›�•�–�•�z�œ�‰�›�™�ˆ�Š�›�•�–�•�z�œ�‰�›�™�ˆ�Š�›�•�–�•�G�G�G�G �l�Ÿ�ˆ�”�—�“�Œ�š�l�Ÿ�ˆ�”�—�“�Œ�š�l�Ÿ�ˆ�”�—�“�Œ�š�l�Ÿ�ˆ�”�—�“�Œ�š�G�G�G�G

5 2 3- = �G
( ) ( )

( )
( )

,0
,0 ,0

0,   

p q p q
p q

q p q p

� - >�
- = �

- >��
�G

3 5 2- = - �G

�G �G
�t�œ�“�›�•�—�“�•�Š�ˆ�›�•�–�•�t�œ�“�›�•�—�“�•�Š�ˆ�›�•�–�•�t�œ�“�›�•�—�“�•�Š�ˆ�›�•�–�•�t�œ�“�›�•�—�“�•�Š�ˆ�›�•�–�•�G�G�G�G �l�Ÿ�ˆ�”�—�“�Œ�š�l�Ÿ�ˆ�”�—�“�Œ�š�l�Ÿ�ˆ�”�—�“�Œ�š�l�Ÿ�ˆ�”�—�“�Œ�š�G�G�G�G

( ) ( ) ( ),0  ,0 ,0p q pq= �G 3 2 6´ = �G

( ) ( ) ( )0,  0, ,0p q pq= �G 2 3 6- ´ - = �G

( ) ( ) ( )0,  ,0 0,p q pq= �G 2 3 6- ´ = - �G

�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G
�G�G�G�G�G�G�G�G�G�G�G�G�G
�z�›�Œ�—�G �Y�z�›�Œ�—�G �Y�z�›�Œ�—�G �Y�z�›�Œ�—�G �Y�G �G®� � �G �G �G �{�•�Œ�G �•�Œ�Ÿ�›�G �š�›�Œ�—�G �•�š�G �›�–�G �Š�–�•�š�›�™�œ�Š�›�G �›�•�Œ�G �™�ˆ�›�•�–�•�ˆ�“�G �•�œ�”�‰�Œ�™�š�G �•�™�–�”�G

�Œ�˜�œ�•�•�ˆ�“�Œ�•�Š�Œ�G�Š�“�ˆ�š�š�Œ�š�G�–�•�G�•�•�›�Œ�Ž�Œ�™�š�S�G�ˆ�•�‹�G�ž�Œ�G�‹�–�G�›�•�•�š�G�‰� �G�È�›�•�•�•�’�•�•�Ž�É�G�–�•�G�Œ�ˆ�Š�•�G�—�ˆ�•�™�G�–�•�G

�•�•�›�Œ�Ž�Œ�™�š�G( ),m n �G�ˆ�š�G�›�•�Œ�G�™�ˆ�›�•�–�G/m n�S�G�ž�•�•�Š�•�G�›�™�ˆ�•�š�“�ˆ�›�Œ�š�G�•�•�›�–�G�‹�Œ�•�•�•�•�•�Ž�G�›�•�Œ�G�Œ�˜�œ�•�•�ˆ�“�Œ�•�›�G

�™�Œ�“�ˆ�›�•�–�•�G�–�•�G�›�•�Œ�G�j�ˆ�™�›�Œ�š�•�ˆ�•�G�—�™�–�‹�œ�Š�›�G{ }( )0´ -� � �a�G�G�G

�G

�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G( ) ( ), ,m n m n mn m n¢ ¢ ¢ ¢º Û = �G

�G
�~�Œ�G�“�Œ�ˆ�•�Œ�G�•�›�G�›�–�G�›�•�Œ�G�™�Œ�ˆ�‹�Œ�™�G�›�–�G�š�•�–�ž�Gº �G�•�š�G�ˆ�•�G�Œ�˜�œ�•�•�ˆ�“�Œ�•�Š�Œ�G�™�Œ�“�ˆ�›�•�–�•�G�G�O�z�Œ�Œ�G�w�™�–�‰�“�Œ�”�G
�Y�U�P�G�G�G�G�{�•�Œ�G�Œ�˜�œ�•�•�ˆ�“�Œ�•�Š�Œ�G�Š�“�ˆ�š�š�Œ�š�G�•�–�™�G�›�•�•�š�G�Œ�˜�œ�•�•�ˆ�“�Œ�•�Š�Œ�G�™�Œ�“�ˆ�›�•�–�•�G�ˆ�™�Œ�G�›�•�Œ�G�Ž�™�•�‹�G�—�–�•�•�›�š�G
�–�•�G�š�›�™�ˆ�•�Ž�•�›�G�“�•�•�Œ�š�G�—�ˆ�š�š�•�•�Ž�G�›�•�™�–�œ�Ž�•�G�›�•�Œ�G�–�™�•�Ž�•�•�G�ˆ�š�G�•�“�“�œ�š�›�™�ˆ�›�Œ�‹�G�•�•�G�m�•�Ž�œ�™�Œ�G�Y�U�G
�G
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�G�G
�l�˜�œ�•�•�ˆ�“�Œ�•�Š�Œ�G�j�“�ˆ�š�š�Œ�š�G�k�Œ�•�•�•�•�•�Ž�G�y�ˆ�›�•�–�•�ˆ�“�G�u�œ�”�‰�Œ�™�š�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G

�m�•�Ž�œ�™�Œ�G�Y�G
�G
�h�G�•�Œ�ž�G�Œ�˜�œ�•�•�ˆ�“�Œ�•�Š�Œ�G�Š�“�ˆ�š�š�Œ�š�G�ž�•�›�•�G�‹�Œ�š�•�Ž�•�ˆ�›�Œ�‹�G�™�Œ�—�™�Œ�š�Œ�•�›�ˆ�›�•�•�Œ�G�ˆ�™�Œ�G
�G

�l�˜�œ�•�•�ˆ�“�Œ�•�Š�Œ�G�j�“�ˆ�š�š�l�˜�œ�•�•�ˆ�“�Œ�•�Š�Œ�G�j�“�ˆ�š�š�l�˜�œ�•�•�ˆ�“�Œ�•�Š�Œ�G�j�“�ˆ�š�š�l�˜�œ�•�•�ˆ�“�Œ�•�Š�Œ�G�j�“�ˆ�š�š�G�G�G�G �y�ˆ�›�•�–�•�ˆ�“�G�y�ˆ�›�•�–�•�ˆ�“�G�y�ˆ�›�•�–�•�ˆ�“�G�y�ˆ�›�•�–�•�ˆ�“�G�j�–�™�™�Œ�š�—�–�•�‹�Œ�•�Š�Œ�j�–�™�™�Œ�š�—�–�•�‹�Œ�•�Š�Œ�j�–�™�™�Œ�š�—�–�•�‹�Œ�•�Š�Œ�j�–�™�™�Œ�š�—�–�•�‹�Œ�•�Š�Œ�G�G�G�G

( ) ( )( ) ( ){ }1,2 1,2 2,4 , 3,6= � �G�G
1
2

�G

( ) ( ) ( ) ( ){ }1,1 1,1 , 2,2 , 3,3= � �G�G �X�G

�G( ) ( ) ( ) ( ){ }3,5 3,5 , 3, 5 , 6,10= - - � �G
3
5

�G

�G( ) ( ) ( ) ( ){ }5,2 5,2 10,4 , 15,6= � �G �G
5
2

�G

�m�•�•�Œ�G�l�˜�œ�•�•�ˆ�“�Œ�•�Š�Œ�G�j�“�ˆ�š�š�Œ�š�G�•�•�G{ }( )0´ -� � �G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G

�{�ˆ�‰�“�Œ�G�X�G
�G
�G

�G�G
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�G
�~�Œ�G�•�–�ž�G�‹�Œ�•�•�•�Œ�G�ˆ�G�™�ˆ�›�•�–�•�ˆ�“�G�•�œ�”�‰�Œ�™�G/p q �G�ˆ�š�G�G

�G

�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G( ), , , , 0
p

p q p q q
q

= Î ¹� �U�G

�G
�ˆ�•�‹�G�›�•�Œ�•�™�G�ˆ�™�•�›�•�”�Œ�›�•�Š�G�–�—�Œ�™�ˆ�›�•�–�•�š�G�ˆ�š�G�G

�G
�h�‹�‹�•�›�•�–�•�h�‹�‹�•�›�•�–�•�h�‹�‹�•�›�•�–�•�h�‹�‹�•�›�•�–�•�G�G�G�G �l�Ÿ�ˆ�”�—�“�Œ�l�Ÿ�ˆ�”�—�“�Œ�l�Ÿ�ˆ�”�—�“�Œ�l�Ÿ�ˆ�”�—�“�Œ�š�š�š�š�G�G�G�G

( ) ( ) ( ), , ,p q p q pp qq qq¢ ¢ ¢ ¢ ¢+ = + �G
3 2 6
5 7 35

× = �G

�G �G
�z�œ�‰�›�™�ˆ�Š�›�•�–�•�z�œ�‰�›�™�ˆ�Š�›�•�–�•�z�œ�‰�›�™�ˆ�Š�›�•�–�•�z�œ�‰�›�™�ˆ�Š�›�•�–�•�G�G�G�G �l�Ÿ�ˆ�”�—�“�Œ�š�l�Ÿ�ˆ�”�—�“�Œ�š�l�Ÿ�ˆ�”�—�“�Œ�š�l�Ÿ�ˆ�”�—�“�Œ�š�G�G�G�G

( ) ( ) ( ), , ,p q p q pq p q qq¢ ¢ ¢ ¢ ¢- = - �G
2 1 2 5 3 1 7
3 5 3 5 15

× - ×
- = =

×
�G�G

�G �G
�t�œ�“�›�•�—�“�•�Š�ˆ�›�•�–�•�t�œ�“�›�•�—�“�•�Š�ˆ�›�•�–�•�t�œ�“�›�•�—�“�•�Š�ˆ�›�•�–�•�t�œ�“�›�•�—�“�•�Š�ˆ�›�•�–�•�G�G�G�G �l�Ÿ�ˆ�”�—�“�Œ�š�l�Ÿ�ˆ�”�—�“�Œ�š�l�Ÿ�ˆ�”�—�“�Œ�š�l�Ÿ�ˆ�”�—�“�Œ�š�G�G�G�G

( ) ( ) ( ), , ,p q p q pp qq¢ ¢ ¢ ¢= �G�G
3 2 6
5 7 35

× = �G�G

�G
�j�–�•�š�›�™�œ�Š�›�•�–�•�G�–�•�G�›�•�Œ�G�y�ˆ�›�•�–�•�ˆ�“�G�u�œ�”�‰�Œ�™�š�G�•�™�–�”�G�w�ˆ�•�™�š�G�–�•�G�p�•�›�Œ�Ž�Œ�™�š�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G

�{�ˆ�‰�“�Œ�G�Y�G�G
�G

�G
�z�›�Œ�—�G�Z�a�z�›�Œ�—�G�Z�a�z�›�Œ�—�G�Z�a�z�›�Œ�—�G�Z�a�G�G�k�Œ�‹�Œ�’�•�•�‹�G�j�œ�›�š�k�Œ�‹�Œ�’�•�•�‹�G�j�œ�›�š�k�Œ�‹�Œ�’�•�•�‹�G�j�œ�›�š�k�Œ�‹�Œ�’�•�•�‹�G�j�œ�›�š�G®� � �G

�G �{�•�Œ�™�Œ�G �ˆ�™�Œ�G �•�ˆ�™�•�–�œ�š�G �ž�ˆ� �š�G �›�–�G �‹�Œ�•�•�•�Œ�G �›�•�Œ�G �™�Œ�ˆ�“�G �•�œ�”�‰�Œ�™�š�G �ˆ�•�‹�G �Œ�ˆ�Š�•�G �•�ˆ�š�G �•�›�š�G
�ˆ�‹�•�ˆ�•�›�ˆ�Ž�Œ�š�G �ˆ�•�‹�G �‹�•�š�ˆ�‹�•�ˆ�•�›�ˆ�Ž�Œ�š�U�G �G �p�›�G �•�š�G �ž�Œ�“�“�G �’�•�–�ž�•�G �O�z�Œ�Œ�G �w�™�–�‰�“�Œ�”�G �X�P�G �›�•�ˆ�›�G �•�–�™�G
�‹�Œ�Š�•�”�ˆ�“�G �™�Œ�—�™�Œ�š�Œ�•�›�ˆ�›�•�–�•�š�G �–�•�G �™�ˆ�›�•�–�•�ˆ�“�G �•�œ�”�‰�Œ�™�š�S�G �›�•�Œ�™�Œ�G�ž�•�“�“�G �ˆ�“�ž�ˆ� �š�G �‰�Œ�G �™�Œ�—�Œ�ˆ�›�•�•�Ž�G
�‰�“�–�Š�’�š�G �–�•�G �‹�•�Ž�•�›�š�U�G �G �m�–�™�G �Œ�Ÿ�ˆ�”�—�“�Œ�G �X�V�Z�G �d�G �W�U�Z�Z�Z�Z�Z�Z�Î�G �G �G �™�Œ�—�Œ�ˆ�›�š�G �•�•�G �‰�“�–�Š�’�š�G �–�•�G �X�S�G
�š�›�ˆ�™�›�•�•�Ž�G �ˆ�›�G �›�•�Œ�G �•�•�™�š�›�G �‹�•�Ž�•�›�S�G �ž�•�Œ�™�Œ�ˆ�š�G �›�•�Œ�G �™�ˆ�›�•�–�•�ˆ�“�G �•�œ�”�‰�Œ�™�G7 / 22 0.3181818...= �G

�O�–�•�›�Œ�•�G�ž�™�•�›�›�Œ�•�G0.318�P�G�•�ˆ�š�G�™�Œ�—�Œ�ˆ�›�•�•�Ž�G�‰�“�–�Š�’�š�G�–�•�G�Y�S�G�š�›�ˆ�™�›�•�•�Ž�G�ˆ�›�G�›�•�Œ�G�š�Œ�Š�–�•�‹�G�‹�•�Ž�•�›�U�G�G�p�•�G
�•�ˆ�Š�›�S�G �™�Œ�—�Œ�ˆ�›�•�•�Ž�G �‹�Œ�Š�•�”�ˆ�“�G �‹�•�Ž�•�›�š�G�‹�Œ�•�•�•�Œ�š�G �›�•�Œ�G �™�ˆ�›�•�–�•�ˆ�“�G �•�œ�”�‰�Œ�™�š�\�U�G �G �G �p�•�G �ˆ�G �‹�Œ�Š�•�”�ˆ�“�G
�Œ�Ÿ�—�ˆ�•�š�•�–�•�G �‹�–�Œ�š�G �•�–�›�G �™�Œ�—�Œ�ˆ�›�S�G �›�•�Œ�G �•�œ�”�‰�Œ�™�G �•�š�G �•�–�›�G �™�ˆ�›�•�–�•�ˆ�“�]�S�G �ž�•�•�Š�•�G �ž�Œ�G �Š�ˆ�“�“�G

�•�™�™�ˆ�›�•�–�•�ˆ�“�S�G�“�•�’�Œ�G2 1.414213...= �G�G�{�•�Œ�G�•�Œ�›�G�™�Œ�š�œ�“�›�G�•�š�G�›�•�ˆ�›�G�›�•�Œ�G�™�Œ�ˆ�“�G�•�œ�”�‰�Œ�™�š�G�Š�ˆ�•�G�‰�Œ�G
�‹�Œ�•�•�•�Œ�‹�G �ˆ�š�G �ˆ�“�“�G �—�–�š�•�›�•�•�Œ�G �ˆ�•�‹�G �•�Œ�Ž�ˆ�›�•�•�Œ�G �‹�Œ�Š�•�”�ˆ�“�G �Œ�Ÿ�—�ˆ�•�š�•�–�•�š�S�G �ž�•�›�•�G �™�Œ�—�Œ�ˆ�›�•�•�Ž�G �ˆ�•�‹�G
�•�–�•�™�Œ�—�Œ�ˆ�›�•�•�Ž�G�‹�•�Ž�•�›�š�S�G�–�•�Œ�G�Ž�™�–�œ�—�G�Š�ˆ�“�“�Œ�‹�G�™�ˆ�›�•�–�•�ˆ�“�G�•�œ�”�‰�Œ�™�š�S�G�›�•�Œ�G�–�›�•�Œ�™�G�•�™�™�ˆ�›�•�–�•�ˆ�“�U�G�G�G
�G
�G �{�•�Œ�G�‹�•�š�ˆ�‹�•�ˆ�•�›�ˆ�Ž�Œ�G�–�•�G�›�•�Œ�G�ˆ�‰�–�•�Œ�G�‹�Œ�•�•�•�•�›�•�–�•�G�–�•�G�™�Œ�ˆ�“�G�•�œ�”�‰�Œ�™�š�G�•�š�G�›�•�ˆ�›�G�‹�Œ�Š�•�”�ˆ�“�G
�Œ�Ÿ�—�ˆ�•�š�•�–�•�š�G �‹�–�Œ�š�•�Å�›�G �™�Œ�“�ˆ�›�Œ�G �›�–�G �—�–�•�•�›�š�G �–�•�G �ˆ�G �“�•�•�Œ�U�G �G �{�–�G �™�Œ�“�ˆ�›�Œ�G �™�Œ�ˆ�“�G �•�œ�”�‰�Œ�™�š�G �›�–�G �ˆ�G

                                                 
�\�G�p�•�G�–�™�‹�Œ�™�G�›�•�ˆ�›�G�‹�Œ�Š�•�”�ˆ�“�G�Œ�Ÿ�—�ˆ�•�š�•�–�•�š�G�‰�Œ�G�œ�•�•�˜�œ�Œ�S�G�–�•�Œ�G�ˆ�Ž�™�Œ�Œ�š�G�›�–�G�™�Œ�—�™�Œ�š�Œ�•�›�G�ˆ�“�“�G�•�–�•�›�Œ�™�”�•�•�ˆ�›�•�•�Ž�G�‰�“�–�Š�’�š�G�–�•�G
�`�š�S�G�“�•�’�Œ�G�W�U�Y�Z�`�`�`�`�`�Î�G�G�‰� �G�W�U�Y�[�W�W�W�W�W�Î�G�U�G
6 The word rational is the adjective form of the word “ratio.”  
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�Š�–�•�›�•�•�œ�œ�”�S�G�›�•�Œ�™�Œ�G�ˆ�™�Œ�G�›�ž�–�G�‰�ˆ�š�•�Š�G�ˆ�—�—�™�–�ˆ�Š�•�Œ�š�S�G�–�•�Œ�G�‹�œ�Œ�G�›�–�G�j�ˆ�•�›�–�™�G�ˆ�•�‹�G�›�•�Œ�G�–�›�•�Œ�™�G
�‰� �G �•�•�š�G �Ž�–�–�‹�G �•�™�•�Œ�•�‹�G �ˆ�•�‹�G �š�œ�—�—�–�™�›�Œ�™�S�G �y�•�Š�•�ˆ�™�‹�G �k�Œ�‹�Œ�’�•�•�‹�U�G �G �y�–�œ�Ž�•�“� �S�G �j�ˆ�•�›�–�™�Å�š�G
�ˆ�—�—�™�–�ˆ�Š�•�G �‹�Œ�•�•�•�Œ�š�G �›�•�Œ�G �™�Œ�ˆ�“�G �•�œ�”�‰�Œ�™�š�G �ˆ�š�G �È�“�•�”�•�›�š�É�G �–�•�G �š�Œ�˜�œ�Œ�•�Š�Œ�š�G �–�•�G �™�ˆ�›�•�–�•�ˆ�“�G
�•�œ�”�‰�Œ�™�š�S�G�“�•�’�Œ�G�G�G�G
�G
�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G3, 3.1, 3.14, 3.141, 3.1415, 3.14159, 3.141592,...p® �G

�G
�i�œ�›�G�›�•�•�š�G�ˆ�—�—�™�–�ˆ�Š�•�S�G�ž�•�•�“�Œ�G�•�ˆ�•�•�•�Ž�G�ˆ�•�G�•�•�›�œ�•�›�•�•�Œ�G�ˆ�—�—�Œ�ˆ�“�S�G�“�Œ�ˆ�‹�š�G�œ�š�G�•�•�›�–�G�›�•�Œ�G�š�›�œ�‹� �G�–�•�G
�š�Œ�˜�œ�Œ�•�Š�Œ�š�S�G �Š�–�•�•�Œ�™�Ž�Œ�•�Š�Œ�S�G �•�œ�“�“�G �š�Œ�˜�œ�Œ�•�Š�Œ�š�S�G �ˆ�•�‹�G �–�›�•�Œ�™�G �•�‹�Œ�ˆ�š�G �•�™�–�”�G �™�Œ�ˆ�“�G �ˆ�•�ˆ�“� �š�•�š�G
�ž�Œ�G�•�ˆ�•�Œ�G�•�–�›�G�•�•�›�™�–�‹�œ�Š�Œ�‹�S�G�•�Œ�•�Š�Œ�G�ž�Œ�G�•�–�“�“�–�ž�G�›�•�Œ�G�ˆ�—�—�™�–�ˆ�Š�•�G�–�•�G�k�Œ�‹�Œ�’�•�•�‹�S�G�ž�•�–�G�”�ˆ�‹�Œ�G
�›�•�Œ�G�•�œ�•�‹�ˆ�”�Œ�•�›�ˆ�“�G�–�‰�š�Œ�™�•�ˆ�›�•�–�•�G�›�•�Œ�™�Œ�G�ž�Œ�™�Œ�G�È�Ž�ˆ�—�š�É�G�•�•�G�›�•�Œ�G�™�ˆ�›�•�–�•�ˆ�“�G�•�œ�”�‰�Œ�™�š�G�ˆ�•�‹�G�•�Œ�G
�ž�ˆ�•�›�Œ�‹�G�›�–�G�•�•�“�“�G�›�•�Œ�”�U�G�G�G
�G

�G�o�•�š�›�–�™�•�Š�ˆ�“�G �u�–�›�Œ�a�o�•�š�›�–�™�•�Š�ˆ�“�G �u�–�›�Œ�a�o�•�š�›�–�™�•�Š�ˆ�“�G �u�–�›�Œ�a�o�•�š�›�–�™�•�Š�ˆ�“�G �u�–�›�Œ�a�G �G �G �{�•�Œ�G �n�Œ�™�”�ˆ�•�G �”�ˆ�›�•�Œ�”�ˆ�›�•�Š�•�ˆ�•�G �y�y�y�y�•�Š�•�ˆ�™�‹�G �k�Œ�‹�Œ�’�•�•�‹�•�Š�•�ˆ�™�‹�G �k�Œ�‹�Œ�’�•�•�‹�•�Š�•�ˆ�™�‹�G �k�Œ�‹�Œ�’�•�•�‹�•�Š�•�ˆ�™�‹�G �k�Œ�‹�Œ�’�•�•�‹�G �O�X�_�Z�X�d�X�`�X�]�P�G
�ž�ˆ�š�G�–�•�Œ�G�–�•�G�›�•�Œ�G�Ž�™�Œ�ˆ�›�Œ�š�›�G�”�ˆ�›�•�Œ�”�ˆ�›�•�Š�•�ˆ�•�š�G�–�•�G�›�•�Œ�G�X�`�›�•�G�Š�Œ�•�›�œ�™� �S�G�ˆ�š�G�ž�Œ�“�“�G�ˆ�š�G�–�•�Œ�G�–�•�G
�›�•�Œ�G�Ž�™�Œ�ˆ�›�Œ�š�›�G�Š�–�•�›�™�•�‰�œ�›�–�™�š�G�›�–�G�•�œ�”�‰�Œ�™�G�›�•�Œ�–�™� �G�ˆ�•�‹�G�ˆ�‰�š�›�™�ˆ�Š�›�G�ˆ�“�Ž�Œ�‰�™�ˆ�U�G�G�o�•�š�G�•�•�•�Œ�•�›�•�–�•�G
�–�•�G �•�‹�Œ�ˆ�“�š�G �•�•�G �™�•�•�Ž�G �›�•�Œ�–�™� �G �ˆ�•�‹�G �•�•�š�G �Š�–�•�›�™�•�‰�œ�›�•�–�•�š�G �›�–�G �ˆ�“�Ž�Œ�‰�™�ˆ�•�Š�G �•�œ�”�‰�Œ�™�š�S�G �•�•�Œ�“�‹�š�S�G
�”�–�‹�œ�“�Œ�š�S�G�“�ˆ�›�›�•�Š�Œ�S�G�Œ�›�Š�G�ž�Œ�™�Œ�G�Š�™�œ�Š�•�ˆ�“�G�•�•�G�›�•�Œ�G�‹�Œ�•�Œ�“�–�—�”�Œ�•�›�G�–�•�G�”�–�‹�Œ�™�•�G�ˆ�“�Ž�Œ�‰�™�ˆ�U .  He 
was also was a major contributor to the foundation of mathematics, his definition of the 
real numbers by means of Dedekind cuts, and his formulation of the Dedekind-Peano 
axioms were important for the early development of set theory�G

 �G
�G �{�•�Œ�G �™�ˆ�›�•�–�•�ˆ�“�G �•�œ�”�‰�Œ�™�š�G �•�ˆ�•�Œ�G �”�ˆ�•� �G �‹�Œ�š�•�™�ˆ�‰�“�Œ�G �—�™�–�—�Œ�™�›�•�Œ�š�U�G �G �{�•�Œ�™�Œ�G �ˆ�™�Œ�G �ˆ�•�G

�•�•�•�•�•�•�›�Œ�G�•�œ�”�‰�Œ�™�G�–�•�G�›�•�Œ�”�G( )0  to be exactÀ �S�G�–�•�Œ�G�Š�ˆ�•�G�ˆ�‹�‹�S�G�š�œ�‰�›�™�ˆ�Š�›�S�G�”�œ�“�›�•�—�“� �S�G�‹�•�•�•�‹�Œ�G

�›�•�Œ�”�S�G�œ�•�“�•�’�Œ�G�›�•�Œ�G�•�•�›�Œ�Ž�Œ�™�š�G�ž�•�Œ�™�Œ�G� �–�œ�G�Š�ˆ�•�G�•�–�›�G�ˆ�“�ž�ˆ� �š�G�‹�•�•�•�‹�Œ�^�U�G�G�G�h�“�š�–�S�G�›�•�Œ� �G�ˆ�™�Œ�G
�‹�Œ�•�š�Œ�S�G �”�Œ�ˆ�•�•�•�Ž�G �‰�Œ�›�ž�Œ�Œ�•�G �ˆ�•� �G �›�ž�–�G �™�ˆ�›�•�–�•�ˆ�“�G �•�œ�”�‰�Œ�™�š�G �›�•�Œ�™�Œ�G �•�š�G �ˆ�•�–�›�•�Œ�™�G �™�ˆ�›�•�–�•�ˆ�“�G
�•�œ�”�‰�Œ�™�G�O�‘�œ�š�›�G�›�ˆ�’�Œ�G�›�•�Œ�G�ˆ�•�Œ�™�ˆ�Ž�Œ�G�–�•�G�›�•�Œ�G�›�ž�–�G�•�œ�”�‰�Œ�™�š�P�S�G�•�•�G�•�ˆ�Š�›�G�›�•�Œ�™�Œ�G�ˆ�™�Œ�G�ˆ�•�G�•�•�•�•�•�•�›�Œ�G
�•�œ�”�‰�Œ�™�G�–�•�G �™�ˆ�›�•�–�•�ˆ�“�G �•�œ�”�‰�Œ�™�š�G�‰�Œ�›�ž�Œ�Œ�•�G �ˆ�•� �G �›�ž�–�G �™�ˆ�›�•�–�•�ˆ�“�G �•�œ�”�‰�Œ�™�š�U�G�G�~�•�ˆ�›�G�•�š�G �•�–�›�G

�‹�Œ�š�•�™�ˆ�‰�“�Œ�S�G �•�–�ž�Œ�•�Œ�™�S�G �•�š�G �›�•�ˆ�›�G �›�•�Œ�™�Œ�G �ˆ�™�Œ�G �Ž�ˆ�—�š�G �•�•�G �›�•�Œ�”�S�G �š�ˆ� �G �ˆ�›�G2 �G �ˆ�•�‹�G �ˆ�›�G �–�›�•�Œ�™�G
�—�–�•�•�›�š�G�O�•�•�G�•�ˆ�Š�›�G�ˆ�•�G�œ�•�Š�–�œ�•�›�ˆ�‰�“�Œ�G�•�•�•�•�•�•�›�Œ�G�•�œ�”�‰�Œ�™�G�–�•�G�—�–�•�•�›�š�P�U�G�G�{�•�Œ�G�•�‹�Œ�ˆ�G�•�š�G�›�–�G�È�•�•�“�“�G�•�•�É�G
�›�•�–�š�Œ�G �Ž�ˆ�—�š�S�G �Ž�Œ�›�›�•�•�Ž�G �ˆ�G �•�Œ�ž�G �š� �š�›�Œ�”�G �–�•�G �•�œ�”�‰�Œ�™�š�G �O�™�Œ�ˆ�“�G �•�œ�”�‰�Œ�™�š�P�G �ž�•�•�Š�•�G �Š�ˆ�•�G �‰�Œ�G
�—�“�ˆ�Š�Œ�‹�G�•�•�G�ˆ�G�–�•�Œ�T�›�–�T�–�•�Œ�G�Š�–�™�™�Œ�š�—�–�•�‹�Œ�•�Š�Œ�G�ž�•�›�•�G�—�–�•�•�›�š�G�–�•�G�ˆ�G�Š�–�•�›�•�•�œ�–�œ�š�G�“�•�•�Œ�U�G�G�G
�G
 Dedekind’s idea is surprisingly simple, so simple that beginning students often 
are left with a sense of “what was all that about?”  after seeing it8.  Dedekind’s basic 
motivation is based on the simple fact that a real number a  is completely determined 
by the rational numbers less than a  and the rational numbers greater than a .   
Following this general principle, Dedekind observed that on a line consisting of 
rational numbers9, any rational number r , say 0.7r = ,  divides the line into two 
disjoint parts, the lower set L  and the upper set U , defined by 

                                                 
7 5/2 does not exist for integers. 
8  In order that you can see what is coming, the real numbers will be defined as all Dedekind cuts.    
9 Keep in mind that definition of the real numbers must be completely in terms of rational numbers.  We are 
constructing these new numbers  from existing rational numbers..  
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�G

�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G
 all rational numbers

 all rational numbers 

L r

U r

= <

= ³
�G

�G

�{�•�Œ�G�—�ˆ�•�™�G( ),L U �G�•�š�G�Š�ˆ�“�“�Œ�‹�G�ˆ�G�k�Œ�‹�Œ�’�•�•�‹�G�Š�œ�›�k�Œ�‹�Œ�’�•�•�‹�G�Š�œ�›�k�Œ�‹�Œ�’�•�•�‹�G�Š�œ�›�k�Œ�‹�Œ�’�•�•�‹�G�Š�œ�›�S�G�ž�•�Œ�™�Œ�G�•�›�G�•�š�G�•�”�—�–�™�›�ˆ�•�›�G�›�–�G�•�–�›�Œ�G�›�•�ˆ�›�G�›�•�Œ�G

�“�–�ž�Œ�™�G�š�Œ�›�GL �G�‹�–�Œ�š�G�•�–�›�G�•�ˆ�•�Œ�G�ˆ�G�”�ˆ�Ÿ�•�”�œ�”�G�O�™�ˆ�›�•�–�•�ˆ�“�P�G�•�œ�”�‰�Œ�™�X�W�S�G�‰�œ�›�G�›�•�Œ�G�œ�—�—�Œ�™�G�š�Œ�›�G
U �G�‹�–�Œ�š�G�•�ˆ�•�Œ�G�ˆ�G�”�•�•�•�”�œ�”�G�O�™�ˆ�›�•�–�•�ˆ�“�P�G�•�œ�”�‰�Œ�™�S�G�•�ˆ�”�Œ�“� �G0.7�U�G�G�G�p�›�G�•�š�G�ˆ�“�š�–�G�•�”�—�–�™�›�ˆ�•�›�G
�›�–�G �–�‰�š�Œ�™�•�Œ�G �›�•�ˆ�›�G �Œ�•�Œ�™� �G �™�ˆ�›�•�–�•�ˆ�“�G �•�œ�”�‰�Œ�™�Gr �G �‹�Œ�›�Œ�™�”�•�•�Œ�š�G �ˆ�G �œ�•�•�˜�œ�Œ�G �k�Œ�‹�Œ�’�•�•�‹�G �Š�œ�›�G

( ),L U �S�G �ˆ�•�‹�G �Š�–�•�•�Œ�™�š�Œ�“� �S�G �ˆ�•� �G �k�Œ�‹�Œ�’�•�•�‹�G �Š�œ�›�G( ),L U �G �ž�•�›�•�G �œ�—�—�Œ�™�G�š�Œ�›�GU �G �•�ˆ�•�•�•�Ž�G �ˆ�G

�š�”�ˆ�“�“�Œ�š�›�G�™�ˆ�›�•�–�•�ˆ�“�G�•�œ�”�‰�Œ�™�Gr �S�G�‹�Œ�›�Œ�™�”�•�•�Œ�š�G�›�•�•�š�G�™�ˆ�›�•�–�•�ˆ�“�G�•�œ�”�‰�Œ�™�U�G�G�p�•�G�–�›�•�Œ�™�G�ž�–�™�‹�š�S�G
�ž�Œ�G�•�ˆ�•�Œ�G�›�•�Œ�G�–�‰�•�•�–�œ�š�G�–�‰�š�Œ�™�•�ˆ�›�•�–�•�G�›�•�ˆ�›�G�›�•�Œ�™�Œ�G�•�š�G�ˆ�G�–�•�Œ�T�›�–�T�–�•�Œ�G�Š�–�™�™�Œ�š�—�–�•�‹�Œ�•�Š�Œ�G
�‰�Œ�›�ž�Œ�Œ�•�G�k�Œ�‹�Œ�’�•�•�‹�G�Š�œ�›�š�G�ˆ�›�G�™�ˆ�›�•�–�•�ˆ�“�G�•�œ�”�‰�Œ�™�š�G�ˆ�•�‹�G�›�•�Œ�G�™�ˆ�›�•�–�•�ˆ�“�G�•�œ�”�‰�Œ�™�š�U�G�G
�G

�G
�k�Œ�‹�Œ�’�•�•�‹�G�j�œ�›�G�ˆ�›�G�›�•�Œ�G�y�ˆ�›�•�–�•�ˆ�“�G�u�œ�”�‰�Œ�™�G0.7r = �G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G

�m�•�Ž�œ�™�Œ�G�Z�G
�G

�u�–�G�‹�–�œ�‰�›�G�›�•�Œ�G�™�Œ�ˆ�‹�Œ�™�G�•�š�G�š�›�ˆ�™�›�•�•�Ž�G�›�–�G�ž�–�•�‹�Œ�™�G�ž�•�Œ�™�Œ�G�ˆ�“�“�G�›�•�•�š�G�•�š�G�Ž�–�•�•�Ž�U�G�G�q�œ�š�›�G�ž�ˆ�•�›�U�G�G�G
�~�Œ�G�•�–�ž�G�‹�Œ�•�•�•�Œ�G�ˆ�G�Ž�Œ�•�Œ�™�ˆ�“�G�G�k�Œ�‹�Œ�’�•�•�‹�G�G�Š�œ�›�U�G�G�O�u�–�›�Œ�G�•�•�G�›�•�Œ�G�Ž�Œ�•�Œ�™�ˆ�“�G�‹�Œ�•�•�•�•�›�•�–�•�S�G�ž�Œ�G
�•�ˆ�•�Œ�•�Å�›�G�š�ˆ�•�‹�G�ˆ�•� �›�•�•�•�Ž�G�ˆ�‰�–�œ�›�G�›�•�Œ�G�•�ˆ�“�œ�Œ�G�–�•�Ga �S�G�›�•�Œ�G�—�–�•�•�›�G�ž�•�Œ�™�Œ�G�›�•�Œ�G�Š�œ�›�G�–�Š�Š�œ�™�š�U�G
�G
�G
�G
�G
�G
�G
�G
�G
�G
�G
�G
�G
�G
�G

                                                 
10 Never use the word “real number” as this point.  They have yet to be defined. 
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�G

�k�Œ�•�•�•�•�›�•�–�•�a�k�Œ�•�•�•�•�›�•�–�•�a�k�Œ�•�•�•�•�›�•�–�•�a�k�Œ�•�•�•�•�›�•�–�•�a�G�G�h�G�k�Œ�‹�Œ�’�•�•�‹�G�Š�œ�›�k�Œ�‹�Œ�’�•�•�‹�G�Š�œ�›�k�Œ�‹�Œ�’�•�•�‹�G�Š�œ�›�k�Œ�‹�Œ�’�•�•�‹�G�Š�œ�›�G( ),L U �G�•�š�G�ˆ�G�š�œ�‰�‹�•�•�•�š�•�–�•�G�–�•�G�›�•�Œ�G�™�ˆ�›�•�–�•�ˆ�“�G�•�œ�”�‰�Œ�™�š�G�•�•�›�–�G

�›�ž�–�G�•�–�•�Œ�”�—�›� �S�G�‹�•�š�‘�–�•�•�›�G�š�Œ�›�š�G and L U �G�•�•�G�š�œ�Š�•�G�ˆ�G�ž�ˆ� �G�›�•�ˆ�›�GL �G�•�ˆ�š�G�•�–�G�“�ˆ�™�Ž�Œ�š�›�G
�Œ�“�Œ�”�Œ�•�›�S�G�ˆ�•�‹�G�Œ�•�Œ�™� �G�™�ˆ�›�•�–�•�ˆ�“�G�•�œ�”�‰�Œ�™�G�•�•�GL �G�•�š�G�“�Œ�š�š�G�›�•�ˆ�•�G�Œ�•�Œ�™� �G�™�ˆ�›�•�–�•�ˆ�“�G�•�œ�”�‰�Œ�™�G�•�•�G
U �U�G�G�G�{�•�Œ�G�š�Œ�›�GL �G�•�š�G�Š�ˆ�“�“�Œ�‹�G�›�•�Œ�G�“�–�ž�Œ�™�G�•�•�›�Œ�™�•�ˆ�“�“�–�ž�Œ�™�G�•�•�›�Œ�™�•�ˆ�“�“�–�ž�Œ�™�G�•�•�›�Œ�™�•�ˆ�“�“�–�ž�Œ�™�G�•�•�›�Œ�™�•�ˆ�“�G�–�•�G�›�•�Œ�G�Š�œ�›�S�G�ˆ�•�‹�GU �G�•�š�G�Š�ˆ�“�“�Œ�‹�G�›�•�Œ�G�œ�—�—�Œ�™�G�œ�—�—�Œ�™�G�œ�—�—�Œ�™�G�œ�—�—�Œ�™�G
�•�•�›�Œ�™�•�ˆ�“�•�•�›�Œ�™�•�ˆ�“�•�•�›�Œ�™�•�ˆ�“�•�•�›�Œ�™�•�ˆ�“�G�–�•�G�›�•�Œ�G�Š�œ�›�U�G
�G

�G�G
�G

�p�›�G�•�š�G�•�”�—�–�™�›�ˆ�•�›�G�›�–�G�•�–�›�Œ�G�›�•�ˆ�›�G�•�š�G�›�•�•�š�G�Ž�Œ�•�Œ�™�ˆ�“�G�‹�Œ�•�•�•�•�›�•�–�•�Ga �G�•�š�G�•�–�›�G�š�—�Œ�Š�•�•�•�Œ�‹�G�ˆ�š�G�‰�Œ�•�•�Ž�G
�ˆ�G�™�ˆ�›�•�–�•�ˆ�“�G�•�œ�”�‰�Œ�™�U�G
�U�G�G

�G

�p�›�G �ž�ˆ�š�G �ˆ�›�G �›�•�•�š�G �—�–�•�•�›�G �›�•�ˆ�›�G �k�Œ�‹�Œ�’�•�•�‹�G �™�Œ�ˆ�“�•�¡�Œ�‹�G �›�•�Œ�™�Œ�G�ˆ�™�Œ�G �k�Œ�‹�Œ�’�•�•�‹�G( ),L U �G �ž�•�Œ�™�Œ�G

�›�•�Œ�G�œ�—�—�Œ�™�G�š�Œ�›�GU �G�‹�–�Œ�š�G�•�–�›�G�G�•�ˆ�•�Œ�G�ˆ�G�”�•�•�•�”�œ�”�G�™�ˆ�›�•�–�•�ˆ�“�G�•�œ�”�‰�Œ�™�U�G�G�h�•�G�Œ�Ÿ�ˆ�”�—�“�Œ�G�•�š�G

�›�•�Œ�G�Š�œ�›�G( ),L U �S�G�ž�•�Œ�™�Œ�G�G

�G
L = �G�ˆ�“�“�G�•�Œ�Ž�ˆ�›�•�•�Œ�G�™�ˆ�›�•�–�•�ˆ�“�G�•�œ�”�‰�Œ�™�š�G�ˆ�•�‹�G�—�–�š�•�›�•�•�Œ�G�™�ˆ�›�•�–�•�ˆ�“�G�•�œ�”�‰�Œ�™�š�G�ž�•�–�š�Œ�G�G
�G�G�G�G�G�G�G�š�˜�œ�ˆ�™�Œ�š�G�•�š�G�“�Œ�š�š�G�›�•�ˆ�•�G�Y�G
�G
U = �G�—�–�š�•�›�•�•�Œ�G�™�ˆ�›�•�–�•�ˆ�“�G�•�œ�”�‰�Œ�™�š�G�ž�•�–�š�Œ�G�š�˜�œ�ˆ�™�Œ�š�G�ˆ�™�Œ�G�Ž�™�Œ�ˆ�›�Œ�™�G�›�•�ˆ�•�G�–�™�G�Œ�˜�œ�ˆ�“�G�›�–�G�Y�G

�G
�G
�p�•�G�›�•�•�š�G�Š�ˆ�š�Œ�GU �G�•�ˆ�š�G�•�–�G�š�”�ˆ�“�“�Œ�š�›�G�™�ˆ�›�•�–�•�ˆ�“�G�•�œ�”�‰�Œ�™�G�š�•�•�Š�Œ�G�–�•�Œ�G�Š�ˆ�•�G�•�•�•�‹�G�š�”�ˆ�“�“�Œ�™�G�ˆ�•�‹�G

�š�”�ˆ�“�“�Œ�™�G �™�ˆ�›�•�–�•�ˆ�“�G �•�œ�”�‰�Œ�™�š�Gr �G �•�–�™�G �ž�•�•�Š�•�G 22 r£ �G �O�—�•�Š�’�G

( ) ( ) ( )2 2 22 2.01 , 2.001 , 2.001 ,...r = �G�‰�œ�›�G�–�•�Œ�G�Š�ˆ�•�•�–�›�G�—�•�Š�’�G2 2r = �G�š�•�•�Š�Œ�G2r = �G�•�š�G�•�–�›�G

�™�ˆ�›�•�–�•�ˆ�“�U�G�G�z�–�G�›�•�Œ�G�˜�œ�Œ�š�›�•�–�•�G�ˆ�™�•�š�Œ�š�b�G�ž�•�Œ�™�Œ�G�Œ�Ÿ�ˆ�Š�›�“� �G�‹�•�‹�G�ž�Œ�G�”�ˆ�’�Œ�G�›�•�Œ�G�Š�œ�›�G�•�•�G�m�•�Ž�œ�™�Œ�G
�[�f�G�G�~�•�ˆ�›�G�•�š�G�›�•�Œ�G�”� �š�›�Œ�™� �G�•�œ�”�‰�Œ�™�f�G
�G
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�G
�k�Œ�‹�Œ�’�•�•�‹�G�Š�œ�›�G�ž�•�Œ�™�Œ�GU �G�•�ˆ�š�G�•�–�G�z�”�ˆ�“�“�Œ�š�›�G�y�ˆ�›�•�–�•�ˆ�“�G�u�œ�”�‰�Œ�™�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G

�m�•�Ž�œ�™�Œ�G�[�G
�G

�p�›�Å�š�G �š�•�”�—�“�Œ�S�G�k�Œ�‹�Œ�’�•�•�‹�G �™�Œ�ˆ�“�•�¡�Œ�‹�G �•�Œ�G �•�ˆ�‹�G �•�•�“�“�Œ�‹�G �•�•�G �ˆ�G �Ž�ˆ�—�G �•�•�G �›�•�Œ�G �™�ˆ�›�•�–�•�ˆ�“�G �•�œ�”�‰�Œ�™�š�S�G

�ž�•�Œ�™�Œ�G �•�•�G �›�•�•�š�G �•�•�š�›�ˆ�•�Š�Œ�G �›�•�Œ�G �›�•�•�•�Ž�G �•�•�“�“�•�•�Ž�G �•�•�G �›�•�Œ�G �Ž�ˆ�—�G �ž�ˆ�š�G2 �U�G �G �z�–�G �›�•�•�š�G �•�‹�Œ�ˆ�G
�”�–�›�•�•�ˆ�›�Œ�‹�G�k�Œ�‹�Œ�’�•�•�‹�Å�š�G�‹�Œ�•�•�•�•�›�•�–�•�G�–�•�G�›�•�Œ�G�™�Œ�ˆ�“�G�•�œ�”�‰�Œ�™�š�U�G
�G

�k�Œ�•�•�•�›�•�–�•�k�Œ�•�•�•�›�•�–�•�k�Œ�•�•�•�›�•�–�•�k�Œ�•�•�•�›�•�–�•�a�a�a�a�G �G �{�•�Œ�G �™�Œ�ˆ�“�G�•�™�Œ�ˆ�“�G�•�™�Œ�ˆ�“�G�•�™�Œ�ˆ�“�G�•�œ�”�‰�Œ�™�š�œ�”�‰�Œ�™�š�œ�”�‰�Œ�™�š�œ�”�‰�Œ�™�š�S�G �‹�Œ�•�–�›�Œ�‹�G �‰� �G� �S�G �•�š�G �›�•�Œ�G �Š�–�“�“�Œ�Š�›�•�–�•�G �–�•�G �ˆ�“�“�G �k�Œ�‹�Œ�’�•�•�‹�G

�Š�œ�›�š�G( ),L U �G �–�•�G �›�•�Œ�G �™�ˆ�›�•�–�•�ˆ�“�G �•�œ�”�‰�Œ�™�š�S�G �ž�•�›�•�G �Œ�ˆ�Š�•�G �™�Œ�ˆ�“�G �•�œ�”�‰�Œ�™�G �‰�Œ�•�•�Ž�G �ˆ�š�š�–�Š�•�ˆ�›�Œ�‹�G

�ž�•�›�•�G �ˆ�G �š�—�Œ�Š�•�•�•�Š�G �k�Œ�‹�Œ�’�•�•�‹�G �Š�œ�›�U�G �G �p�•�G �›�•�Œ�G �œ�—�—�Œ�™�G �š�Œ�›�GU �G �•�ˆ�š�G �ˆ�G �š�”�ˆ�“�“�Œ�š�›�G �™�ˆ�›�•�–�•�ˆ�“�G
�•�œ�”�‰�Œ�™�S�G�›�•�Œ�G�•�œ�”�‰�Œ�™�G�ˆ�š�š�–�Š�•�ˆ�›�Œ�‹�G�ž�•�›�•�G�›�•�Œ�G�Š�œ�›�G�•�š�G�ˆ�G�™�ˆ�›�•�–�•�ˆ�“�G�•�œ�”�‰�Œ�™�U�G�G�p�•�G�›�•�Œ�G�œ�—�—�Œ�™�G
�š�Œ�›�GU �G �‹�–�Œ�š�G�•�–�›�G �•�ˆ�•�Œ�G�ˆ�G �”�•�•�•�”�œ�”�G �™�ˆ�›�•�–�•�ˆ�“�G �•�œ�”�‰�Œ�™�S�G�›�•�Œ�G�•�œ�”�‰�Œ�™�G�ˆ�š�š�–�Š�•�ˆ�›�Œ�‹�G �ž�•�›�•�G
�›�•�Œ�G�Š�œ�›�G�•�š�G�ˆ�•�G�•�™�™�ˆ�›�•�–�•�ˆ�“�G�•�œ�”�‰�Œ�™�U�G�G

�G
�w�™�–�—�Œ�™�›�•�Œ�š�G�–�•�G�›�•�Œ�G�w�™�–�—�Œ�™�›�•�Œ�š�G�–�•�G�›�•�Œ�G�w�™�–�—�Œ�™�›�•�Œ�š�G�–�•�G�›�•�Œ�G�w�™�–�—�Œ�™�›�•�Œ�š�G�–�•�G�›�•�Œ�G�y�Œ�ˆ�“�G�u�œ�”�‰�Œ�™�š�y�Œ�ˆ�“�G�u�œ�”�‰�Œ�™�š�y�Œ�ˆ�“�G�u�œ�”�‰�Œ�™�š�y�Œ�ˆ�“�G�u�œ�”�‰�Œ�™�š�G�G�G�G
�G �u�–�ž�G�›�•�ˆ�›�G�›�•�Œ�G�™�Œ�ˆ�“�G�•�œ�”�‰�Œ�™�š�G�•�ˆ�•�Œ�G�‰�Œ�Œ�•�G�‹�Œ�•�•�•�Œ�‹�S�G�ž�Œ�G�”�œ�š�›�G�‹�Œ�•�•�•�Œ�G�›�•�Œ�G�”�ˆ�•� �G
�—�™�–�—�Œ�™�›�•�Œ�š�G�ž�Œ�G�‹�Œ�š�•�™�Œ�G�•�–�™�G�›�•�Œ�G�™�Œ�ˆ�“�G�•�œ�”�‰�Œ�™�š�U�G�G�h�š�š�–�Š�•�ˆ�›�•�•�Ž�G�™�Œ�ˆ�“�G�•�œ�”�‰�Œ�™�š�G,a b�G�›�–�G

�›�•�Œ�•�™�G�k�Œ�‹�Œ�’�•�•�‹�G�Š�œ�›�š�G�G�G

�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G( ) ( ), , ,a a b ba L U b L U= = �G

�G
�ž�•�Œ�™�Œ�G, , ,a b a bL L U U �G�ˆ�™�Œ�G�›�•�Œ�G�Š�–�™�™�Œ�š�—�–�•�‹�•�•�Ž�G�“�–�ž�Œ�™�G�ˆ�•�‹�G�œ�—�—�Œ�™�G�•�•�›�Œ�™�•�ˆ�“�š�G�ž�Œ�G�‹�Œ�•�•�•�Œ�G

�›�•�Œ�G �•�–�“�“�–�ž�•�•�Ž�G �ˆ�™�•�›�•�”�Œ�›�•�Š�G �–�—�Œ�™�ˆ�›�•�–�•�š�G �ˆ�•�‹�G �–�™�‹�Œ�™�G �™�Œ�“�ˆ�›�•�–�•�U�G �G �{�•�Œ�G �•�‹�Œ�ˆ�G �•�š�G �›�–�G
�Š�–�•�š�›�™�œ�Š�›�G�›�•�Œ�G�“�–�ž�Œ�™�G�k�Œ�‹�Œ�’�•�•�‹�G�š�Œ�›�G�•�™�–�”�G�›�ž�–�G�“�–�ž�Œ�™�G�k�Œ�‹�Œ�’�•�•�‹�G�Š�œ�›�G�š�Œ�›�š�G�O�ž�Œ�G�Š�–�œ�“�‹�G
�‘�œ�š�›�G�ˆ�š�G�ž�Œ�“�“�G�Š�–�•�š�›�™�œ�Š�›�G�›�•�Œ�G�œ�—�—�Œ�™�G�k�Œ�‹�Œ�’�•�•�‹�G�š�Œ�›�P�G�ˆ�•�‹�G�›�•�Œ�•�G�È�ˆ�š�š�–�Š�•�ˆ�›�Œ�É�G�ž�•�›�•�G�›�•�Œ�G
�ˆ�™�•�›�•�”�Œ�›�•�Š�G�–�—�Œ�™�ˆ�›�•�–�•�G�›�•�Œ�G�O�™�Œ�ˆ�“�P�G�•�œ�”�‰�Œ�™�G�ž�•�Œ�™�Œ�G�›�•�Œ�G�Š�œ�›�G�–�Š�Š�œ�™�š�U�G�G
�G

�v�—�Œ�™�ˆ�›�•�–�•�v�—�Œ�™�ˆ�›�•�–�•�v�—�Œ�™�ˆ�›�•�–�•�v�—�Œ�™�ˆ�›�•�–�•�X�X�X�X�X�X�X�X�G�G�G�G �l�Ÿ�ˆ�”�—�“�Œ�l�Ÿ�ˆ�”�—�“�Œ�l�Ÿ�ˆ�”�—�“�Œ�l�Ÿ�ˆ�”�—�“�Œ�G�G�G�G

{ }: ,a ba b x y x L y L+ = + Î Î �G { } { }2 32 3 : , rational numbers 5 5x y x L y L+ = + Î Î = < � �G

{ }: ,a ba b x y x L y L- = - Î Î �G�G { } { }2 32 3 : , rational numbers 1 1x y x L y L- = - Î Î = < - - � �G

{ }, 0 : ,a ba b ab xy x L y L> � = Î Î �G { } { }2 32 3 : , rational numbers 6 6xy x L y L× = Î Î = < � �G

a ba b L L£ Û Í �G�G 2 32 3 L L£ Û Í �G

                                                 
11 The values of ,x y  in the following definitions are taken as rational numbers. 
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�G
�G �G

�{�•�Œ�G�h�“�Ž�Œ�‰�™�•�¡�ˆ�›�•�–�•�G�–�•�G�n�Œ�–�”�Œ�›�™� �{�•�Œ�G�h�“�Ž�Œ�‰�™�•�¡�ˆ�›�•�–�•�G�–�•�G�n�Œ�–�”�Œ�›�™� �{�•�Œ�G�h�“�Ž�Œ�‰�™�•�¡�ˆ�›�•�–�•�G�–�•�G�n�Œ�–�”�Œ�›�™� �{�•�Œ�G�h�“�Ž�Œ�‰�™�•�¡�ˆ�›�•�–�•�G�–�•�G�n�Œ�–�”�Œ�›�™� �a�a�a�a�G�G�G�k�Œ�‹�Œ�’�•�•�‹�G�Š�œ�›�š�G�O�•�U�Œ�U�G�™�Œ�ˆ�“�G�•�œ�”�‰�Œ�™�š�P�S�G�ˆ�™�Œ�G�‰�ˆ�š�Œ�‹�G
�–�•�G�›�•�Œ�G�•�œ�•�‹�ˆ�”�Œ�•�›�ˆ�“�G�—�™�–�—�Œ�™�›� �G�–�•�G�›�•�Œ�G�l�œ�Š�“�•�‹�Œ�ˆ�•�G�“�•�•�Œ�G�›�•�ˆ�›�G�È�•�•�G�ˆ�“�“�G�—�–�•�•�›�š�G�–�•�G�ˆ�G�“�•�•�Œ�G�•�ˆ�“�“�G
�•�•�›�–�G�–�•�Œ�G�–�•�G�›�ž�–�G�Š�“�ˆ�š�š�Œ�š�S�G�š�œ�Š�•�G�›�•�ˆ�›�G�Œ�•�Œ�™� �G�—�–�•�•�›�G�•�•�G�›�•�Œ�G�•�•�™�š�›�G�Š�“�ˆ�š�š�G�“�•�Œ�š�G�›�–�G�›�•�Œ�G�“�Œ�•�›�G�–�•�G
�Œ�•�Œ�™� �G �—�–�•�•�›�G �•�•�G �›�•�Œ�G �š�Œ�Š�–�•�‹�G �Š�“�ˆ�š�š�S�G �›�•�Œ�•�G �›�•�Œ�™�Œ�G �•�š�G �–�•�Œ�G�ˆ�•�‹�G �–�•�“� �G �–�•�Œ�G �—�–�•�•�›�G �›�•�ˆ�›�G
�—�™�–�‹�œ�Š�Œ�š�G �›�•�•�š�G �‹�•�•�•�š�•�–�•�U�G �p�›�G �ž�ˆ�š�G �›�•�•�š�G �–�‰�•�•�–�œ�š�G �Ž�Œ�–�”�Œ�›�™�•�Š�G �—�™�–�—�Œ�™�›� �G �–�•�G �ˆ�G �“�•�•�Œ�G �›�•�ˆ�›�G
�•�•�š�—�•�™�Œ�‹�G �k�Œ�‹�Œ�’�•�•�‹�Å�š�G �ˆ�™�•�›�•�”�Œ�›�•�Š�G �•�–�™�”�œ�“�ˆ�›�•�–�•�G �–�•�G �Š�–�•�›�•�•�œ�•�›� �U�G �p�›�G �”�•�Ž�•�›�G �‰�Œ�G �š�ˆ�•�‹�G �›�•�ˆ�›�G
�k�Œ�‹�Œ�’�•�•�‹�G �š�Œ�—�ˆ�™�ˆ�›�Œ�‹�G �ˆ�™�•�›�•�”�Œ�›�•�Š�G �•�™�–�”�G �Ž�Œ�–�”�Œ�›�™� �G �•�•�G �›�•�Œ�G�—�™�–�Š�Œ�š�š�G �‰� �G �Š�™�Œ�ˆ�›�•�•�Ž�G �ˆ�G
�—�œ�™�Œ�“� �G�ˆ�™�•�›�•�”�Œ�›�•�Š�G�‹�Œ�š�Š�™�•�—�›�•�–�•�G�–�•�G�›�•�Œ�G�l�œ�Š�“�•�‹�Œ�ˆ�•�G�“�•�•�Œ�U�G�G�G�G

�G
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�w�™�–�‰�“�Œ�”�š�w�™�–�‰�“�Œ�”�š�w�™�–�‰�“�Œ�”�š�w�™�–�‰�“�Œ�”�š�G�G�G�G
�G�G�G�G
�X�U�G�G�G�m�•�•�‹�G�›�•�Œ�G�•�™�ˆ�Š�›�•�–�•�G�•�–�™�G�Œ�ˆ�Š�•�G�–�•�G�›�•�Œ�G�•�–�“�“�–�ž�•�•�Ž�G�•�œ�”�‰�Œ�™�š�G�•�•�G�‹�Œ�Š�•�”�ˆ�“�G�•�–�™�”�U�G
�G

�G �ˆ�P�G�G�G�W�U�`�`�`�`�Î�U�G�G�G�G�G�G�G�G�G�G�G�G�G�G( )0.9 �G

�G �‰�P�G�G�G�W�U�Y�Z�Y�Z�Y�Z�Y�Z�Î�U�G�G�G�G�G�G�G( )0.23 �G

�G �Š�P�G�G�G�W�U�X�Z�\�X�Z�\�X�Z�\�X�Z�Î�G�G( )0.13513 �G

�G �‹�P�G�G�G�W�U�W�W�X�X�X�X�Î�G�G�G�G�G�G�G�G�G�G�G( )0.001 �G

�G �G
�Y�U�G�G�z�•�–�ž�G�›�•�ˆ�›�G�G

�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G( ) ( ), , if and only if m n m n m n m n¢ ¢ ¢ ¢º + = + �G

�G
�‹�Œ�•�•�•�Œ�š�G�ˆ�•�G�Œ�˜�œ�•�•�ˆ�“�Œ�•�Š�Œ�G�™�Œ�“�ˆ�›�•�–�•�G�–�•�G�G
�G

�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G( ){ }, : , 0,1,2,...S m n m n= = �G

�G
�Z�U�G�G�G�z�•�–�ž�G�›�•�ˆ�›�G�G
�G

�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G�G( ) ( ), , if and only if m n m n mn m n¢ ¢ ¢ ¢º = �G

�G
�‹�Œ�•�•�•�Œ�š�G�ˆ�•�G�Œ�˜�œ�•�•�ˆ�“�Œ�•�Š�Œ�G�™�Œ�“�ˆ�›�•�–�•�G�–�•�G� �U�G�G�G
�G
 


